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ABSTRACT

Analytical methods are presented for determining the
dynamic stability and control characteristics of generalized
helicopter configurations. The methods utilize calculation
procedures which are considerably simplified through the
extensive use of information presented in graphs and charts.
These charts are applicable to flight conditions from hover
to high forward speeds.

The charts for low forward speeds (advance ratios,
p < 0.2) were obtained from the rotor performance data
based on classical rotor theory. However, the high-speed
charts (p.&CLS) exclude the major assumptions of classical
theory and include blade compressibility, stali, reverse
flow, large inflow ratios, etc.

This handbook contains information suitable for
ex-ensive digital and analog computer studies and also
provides rapid procedures for predicting helicopter
stability and control characteristics for prelininary
design applications.
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FOREWORD

This handbook was prepared by the Dynasciences
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The Army technical representative was Mr. J. Yeates,
who was assisted by Mr. R. Piper and Mr. R. P. Smith, The
contributions of the Army personnel to this work are grate-
fully acknowledged. The following Dynasciences Corporation
personnel contributed to this work:

Mr. E. Kisielowski Manager Aerodynamics

Dr., A. A. Perlmutter Sr, Vice President

Mr. J. Tang Aeronautical Engineer

Mr. M. Ceorge Sr. Aerodynamics Engineer
Mr. N, Miller Sr. Aerodynamics Engineer
M», D. Smithgall Technical Illustrator
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SECTION 1. INTRODUCTION

The purpose of this Stability and Control Haundbook for
Helicopters is to provide a systematic summary of methods for
estimating the stability and control characteristics of
generalized helicopter configurations.

The information contained herein represents a
revision and expansion of the material presented in TRECOM
Report TREC 60-43, published in August 1960. That work
utilized rotor performance data which derived from classical
rotor theory and covered the forward speed range from
hovering to advance ratios of u = 0.3. The present volume
incorporates these results up to advance ratios of p = 0.2
and utilizes recently published rotor data for advance ratios
ranging from g = 0.3 to g = 1.0. The latter data includes
the effects of rotor blade compressibility, reverse flow, and
blade stall.

The available rotor performance data, as discussed
above, was utilized to develop comprehensive stability charts
which considerably simplify the calculation procedures for
helicopter stability and response characteristics,

Helicopter equatiouns of motion presented in this
handbook are derived without resorting to the simplifying
assumptions of decoupling the longitudinal from the lateral
directional degrees of freedom., These equations incorporate
the contributions of the wings, the auxiliary propulsion
system, and the horizontal and vertical tailplanes; they also
include the effects of varicus stability augmentation systems.
The resulting aircraft equations of motion can be directly
utilized for digital or analog computer studies.

Comments concerning this work are invited and should

be directed to the U. S. Army Aviation Materiel Laboratories,
Fort Eustis, Virginia 23604,
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SECTION 2. GUIDE TO THE HANDBOOK

The main objective of this handbook is to provide
under one cover a comprehensive summary of analytical methods
for predicting stability and control characteristics of
generalized helicopter configurations. The information
contained herein is intended to be used for preliminary
design purposes, but it is also suitable for detailed digital
or analog computer studies.

The handbook is organized in such a way that it is
self-sufficient. For a given flight condition and a config-
uration, the complete set of stability derivatives can be
calculated and the required helicopter stability and response
characteristics can be determined. The use of reliable test
data, especlally for the fuselage characteristics, is strongly
recommended.

The various sections of the handbook have been
nunbered with a decimal system which provides maximum flex-
ibility for revising, deleting or supplementing any of the
material, with a minimum disturbance to the remainder of the
volume. The following pattern was developed for the numbering
system:

Section: An orderly numbering system is used,
with numbers having not more than
two parts separated by a decimal
point, e.g., 3.2 or 10.1.

Subsection: Subsections have numbers with more
than two parts, e.g., 3.1.2 or 10.2.1.

Page: The page number consists of the
section number followed by a dash.
Example: Page 3.1-20,

Figures: Figure numbers follow a numerical
sequence starting from 1 for each
section,
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Tables: Table numbers follow a numerical
senquence starting from I for each
section.

Equations:  Equation numbers (where required)
follow a numerical sequence starting
from 1 for each section,

References: References are located at the end of
each section. References are numnbered
in sequence starting from 1.

The overall organization of the handbook proceeds in
a conputational sequence from the general to the particular.
Hence, the equations of motion are presented before the total
derivatives, which in turn precede the local and isolated
derivatives.

For digital computer work, the general equations ot
motion, Section 4, can be used directly. For analog computer
work or hand calculations, the stability characteristics of a
helicopter are obtained by proceeding as follows:

Determine trim conditions . . . . . Section 5

Determine the isolated
derivatives e« + @+« « « Section 7.5

Correct the isolated
derivatives for rotor
solidity « + + « . Section 7.

£~

Determine local
derivatives e +« « + + B8Section 7.3

Determine total
derivatives e « « + + Section 7.1

Determine characteristic
equation . « 4+ + « Section 8.1

Determine roots of the
characteristic equation « « +« « . Section 8.5
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Determine control
derivatives e « + + » Section 7.2

Determine response
to control input « « + + . Section 9

Rapid methods for estimating the lorgitudinal

stability of conventional single and tandem rotor helicopters
are presented in Section 2.
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SECTION 3. DEFLNITIONS

3.1 DEFINITION OF AXIS SYSTEM

Sketch 1 below shows a right-angled coordinate axis
system commonly used in stability work.

Sketch 1, Definition of Axis System

In analyzing aircraft stability, a variety of reference
axes can be utilized. Descriptions of various axes
systems are presented in References 1 and 2.

In general, the choice of the appropriate reference axis
, depends on the nature of the stability problem and the
aircraft configuration to be analvzed.

The most common systems of reference axes presently in
+ use are:

(a) Gravity Axes
(b) Stability (Wind) Axes
(¢) Body Axes

The following subsections contain brief descriptions of
these axes systems.
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3.

1.1 Gravity Axes

Gravity axes refer to a right-handed system of Tartesian
coordinates with the origin either fixed at a point on
the surface of the earth or at the aircraft €.G. (moving
with the aircraft).

In each case the Z-axis is pointing to the center of the
earth (positive downward), the X-axis is directed along
the horizon (positive forward), and the Y-axis is
oriented to form a right-handed orthogonal axes system
(positive towards right).

The gravity or earth axes are primarily useful as a
reference system for the gravity vector, aircraft
altitude, horizontal distance and orientation. The use of
these axes introduces certain simplifications in the
stability analyses, in that the linear velocity components
(u, v, w) along X, Y, Z axes are independent of aircraft
rotation about the C.G. and are only functions of air-
craft translation and the climb angle (yc). It follows
that in the derivation of the equations of motion the
aerodynamic force contribution is accounted for through
the sine or cosine of climb angle (y¢). Further
simplifications occur for level flight ( yc= 0). However,
the use of gravity axes introduces rather cumbersome
corrections to aircraft inmertia terms and products of
inertia in accounting for aircraft rotatiomn.

1.2 Stability Axes

The stability axes represent a right-handed system of
Cartesian coordinates, with the origin located at the
aircraft C.G. and with the axes oriented such that the X-
axis is coincident with the velocity vector and i: positive
pointing into the relative wind. The Z-axis is perpen-
dicular to the relative wind and is positive downward,
and the Y-axis is oriented to form a right-handed
orthogonal axi~ system (positive to the right). The use
of stability a» s eliminates the terms containing wo and
vo and thus introduces substantial simplifications intc
the aerodynamic terms. In this case, the only existing
linear velocity compenent is u, which is independent of
aircraft rotation (as in the case of gravity axes) and
which represents perturbation of the forward velocity
vector. However, the moment of inertia and product of
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1nertia terms vary for each flight condition, In general,
these terms are assumed to be constant in the equations
of motions. This limits the use of the stability axis
system to small disturbance motions.

n In addition to simplification of the aerodynamic terms,

0 the use of stability axes systems has a specific applica-
tion in correlating the theoretically calculated scability
results with wind tunnel results, which are automatically

- resolved parallel and perpendicular to wind.

3.1.3 Body Axes

The body axis system rcfers to a right-handed, orthogonal
system of axes fixed at aircraft C.G., rotating and
translating with the aircraft, The X-axis is aligned
along a reference line (datum line) fixed to the vehicle
(positive pointing forward). The Z-axis is perpendicular
to X-axis, positive towards the bcttom of the vehicle.
The Y-axis is mutually perpendicular to X and Z, positive
when pointing to the right,

The use of the axes fixed to the vehicle insures that the
inercia terms in the equations of motion are constant
(independent of flight conditions); fur...ermore, by
colnciding one of the body axes with a principal axis of
inertia, certain products of inertia terms can be
eliminated. In this axis system, the aerodynamic forces
and moments depend on relative velocity orientation with
respect to the body as defined by the angles a &nd By .

Body axes are particularly useful in the study of aircraft
dynamics, since velocitics and accelerations with respect
to these axes cre the same as those that would be
experienced by a pilot or ‘vould be measured by the
instruments mounted in the aircraft.

3.1.4 Choicc of Axes

Since it is more convenient to express the aerodynamic
and gravicational forces and moments with respect to bady
axes than to express inertia forces and moments with
respect to wind or gravity axes, a body axis coordinate
system has been selected for the work in this uandbook,

For this axis system, the following definitions aie made:
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(a) Linear Velocities

i

V=uT+vT+w:

In. the above definition the velocity components
u, v, and w consist of the sum of initial (trim)
values ug, Vg, and wo and of their perturbation -
values, respectively. g

(h) Angular Displacements
x=¢it+t8i+yk

(c) Angular Velocities About C.G.

— - - -

w spitgj+rk
(d) Forces

F=Xi4+Yj+Zk
(e) Moments

ﬁ=1ﬁ+MT+N:

(f) Moment Arms

Rl i+8,i+8,k
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3.2 STABILITY VARIABLES

3.2.1 Independent Variables

Following are the selected independent stability
variables:

* (a) Linear Velocity Components (ft/sec) u, v, and w -
defined in Subsection 3.1.4(a)

(b) The Angular Displacements (radians) ¢ , § and y -
- defined in Subsection 3.1.4(b)

3.2.2 Dependent Variables

(a) Free Stream Angle of Attack (radians)
-1 W
a=tan O

The perturbation angle of attack is given by:

21
2
S|zl

(b) Sideslip Angle (radians)

Bs=toﬁkﬁ%)

The perturbation sideslip angle is given by:

3 o~V
- BS"'UO
(c) Interference Angles (radians)

Changes of local velocity due to aerodynamic inter-
actions are accounted for by the interference angles

€ €R €Fys 1€w €T ETR EyT ElC.
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3.3 ILLUSTRATION OF PARAMETERS AND SIGN CONVENTION

Typical single and tandem rotor configurations
together with the definition of parameters and the
illustration of the sign convention utilized herein
are presented in Figures 1 and 2 respectively.
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SECTION 4. EQUATIONS OF MOTION

The generalized equations presented herein pertain to
6 degrees of freedom of coupled longitudinal and lateral air-
craft motions, about the body system of axes described in Sub-
section 3.1.3. Included also in this section are the
equations of motion of various stabilization devices.

The analysis is performed for generalized aircraft
configuration, which may consist of the following components:

(a) Single rotor

(b) Two rotors in tandem rotor configuration
(¢) Fuselage

(d) Horizontal tailplane

(e) Vertical tail

(£) Tail rotor

(g) Propellers or jet engines

(h) Wings

(i) Various stabilization devices

The equations of motion presented hereir can be
adapted to single rotor helicopters, tandem rotur helicopters,
and various types of compound helicopters by selecting those
aerodynamic and design componcnts which pertain to the air-
craft under consideration and by eliminating the components
which do not apply. To insure the generality of the equations,
all products of inertia are retained. A detailed derivation
of the equations of motion is presented in Section 1ll.

Hohenemser's quasi-static assumption, References 1
and 2, is utilized in the analysis. This assumption implies
that the flapping motion of the rotor may be specified in
terms of fuselage angular motion. According to Reference 1,
this assumption is valid if wp/f2<0.l , where wp is the
fuselage angular velocity and § is the rotor rotational
speed. Present-day helicopters generally satisfy this
criterion.

From the theoretical derivations presented in

Section 11, the equations of motion for a generalized aircraft
configuration are:
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(a) The X-Force Equation

X = (X); +(>c)R+(x),,u$+(><).,,+(><)T+(><)\,T+(><)TR+%(x)pi +W sin ¢ sin ¢
i=|

-W cos ¢ sin 8 cos ¢-%(ﬁ+qw-rv)=0

where

(X)g= [(chos Ay~ Ye sin A,F) sin (a-€)-Dg cos (a-e;)] cos S
=(Lgsin Al +Ye cos A, ) sin Bs

(X)p={5.l..gc0$ At Ygsin A,R) sin (2-eg)-Dg cos (a-eR)] cos SBg
—{Lg sin A,R -Yp coS AlR) sin SBg

(Xeys* [Lmssin (@-epyg ~ DpysCoS (a-e,.w)] cos fig = Yeyssin Bg

(X)w=[Lw sin (a-ey) - Dy cos (a-ew)] cos s

\X)T=[LT sin {(a-¢y) -Dycos (a-eT)] cos B

{X)yr=—Dyycos (a-¢,q5) cos Bg +Ly5in B

(X)rr ={YTR sin (@-erg) —D7g COS (ﬂ‘€Ta)] cos B —Tg sin B¢

(X)Pi= TPi cos iPi ~Np, sin iPi
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(b) The Y-Force Equation

Y = (V) HY g Y pyg HY )y YD +(Y)r +(Y)gg +imPi +W sin b cos ¢
i<

+W cos ¢ sin 8 sin \p—%(\ﬂru—pwho

where

(Y)e =[(LF cos A, —Yg sin A, ) sin {@-€g) = D cos (a-eF)] sin. Bs
Hipsin A_+Yp cos A, )ces By

(Y)g =[(LR cos Ay +Yg sin A, ) sin (a-eg) - Dg cos (a-eR)] sin g
HLgsin A, -Yg cos A ) cos B

(Y)eus = [Lrus sin {@-€pyg) = Dpyg cOS (a-eFusl] sin Bg + Yrys c9s Bs

(Y)w=[stin (a-€,) - Dy cos {a-ew)] sin Bg

My =[LT sin (a-e7) -0y cos (a-eT)] sin Sg

(Y)y7= = Dyycos {a-e€, ) sin B ~L, cos B,

(Y)TR=[YTR sin (@-€;p)-Dyp cOS (a-eTR)] sin B¢ + Ty cos B

(Y)PI =Ypi
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(¢) The Z-Force Equatin

Z=(2) HZIgHZpyg HZIWHZ) HZ)yr +(Z)1q +'%|(Z)Pi +W cos ¢pcos 8
i=
—%’- (w +pv~qul=0
where
(Z)e =—[D,_- sin (a-eg)+(Lg cos A_~Yg sin A, ) cos (a-e,,-)]
(Z)p = -[DR sin (a-eg) +(LgCos A +Yg sin A ) cos (a-en}]
(Deys = '[DlrusSin (@-epys) + Lrys cos (a-e FUS)]
(Z)y = —[Dwsin (a-ey) + Ly cos (n-ew)]
(Z)y =--|:DT sin (a-e;) + Ly cos (a-e-r)]
(Z)y1= - Dyysin (@-€yq)

(Z)1p =---[DTR sin (@ - €4g) T Yyq COS (""rn)]

(Z)PI == [Tpi Sin |p| +Npi cosg lpi]




(d) The Rolling Moment Equation (L)

L

i 0y, nZ [(Z)iﬂy.—(v)iﬂz, +(Io),] +L 1
i=l i=| ' ' '

L=2) Ry =N Ay, @) Ay -0 A
+@) &y - Mz +2) A, - 1,

+ (Z)VTXYVT—(Y)VT ¢ Zyr" (Z) { IR —(Y)mﬂ Z1R

+z [(Z)PiXYPi- (Y)Pi Rzpl+ Qpi] +I FUS +I HUBF—IHUBR

—p Ixxtixz (r+pa)+railyy-Izz) + Ixy{g-rp)
+1y,0q%-r?) =0

where i refers to the ith aircraft component and (
is evaluated by letting i =1, 2, 3, etc., or the
appropriate component designation,

Also { ); refers to inertia terms. Similar notation is

utilized in the pitching and yawing moment equations
given btelow,

(e) The Pitching Moment Equation (M)

n n
Z(M)i =Z[(x)iﬂzi -2 A, +(Mo)i]+MI
i=|

M

M = () Rp =(2) Ay + X0 A7 = (@) Ay

45

)




+0), fy, - @ A, +00_ {5, -@) Ay,

VAP

Zyr vt xVTHX)TR’q “(Z)Tnx"m

+(X)VT1 Z1R

n
1=
~Q Iyy +Ixzlr?-p®) = rp (Ixx~1z)

+Ixy(-p +VQ) + Iyz(;"pCI) =0

(£) The Yawing Moment Equation (N}

n n
N =2 (N, =Z[mi£xi-(><)i£Y1+(No)i] N,
i=l -

i=

N = (e 00 By +070 D =0, fvq
+(Y)wkxw—(X)wXYw +00) Ay, -0 Ay

_(X)VTR*VT +(Y)TR£xTR—-{X)TRRYTR

+(Y)VTRXVT

n
+z [(Y)P'XXP- ‘\X)P-RYP-] + NFUS + QF - QR
i=l | | | )

=1 Ipz+1xptp-an) - palyy T .

+1,4p2 - a%) +1yzlatpr) =0
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SECTION 5. EVALUATION OF TRIM CONDITIONS

The trim, or steady-state, equilibrium conditions for
a helicopter can be obtained by simultaneously solving the
equations of motion with all acceleration and inertia terms
r set equal to zero.

I ST

In order to evaluate the trim conditions for a
generalized helicopter configuration, the following design
parameters must be known:

{a) The aircraft gross weight W, lb
(b) The location of rotor hub (or hubs)
relative to aircraft C.G., position, ft

jxF,QYF,sz and Exﬂyfvﬂvfzn

(¢) The rotor radii Ry and Ry, ft

(d) The rotor solidities op and opg

(e) The rotor rotational speeds (§JR)y and
(§IR)g , rad/sec

(f) The blade Lock inertia numbers y, -d yp
and blade twists 8, and 8,

(g) The blade mass moments of inertia Mg,
and Msg, slugs-ft

3 (h) The flapping hinge offsets ep and egq

] (i) The number of blades b, per rotor

§ (j) The tip loss factor, By =~ 0.97

] (k) The fuselage projected areas, ft2, frontal
Axpyg> side Ay, . and planform AZFus

(1) The fuselage overall length fFus, ft

(m) The geometric, fixed incidences of wing iy ,
tail it , and rotor shaft inclinations relative
to the [uselage i and ig

(n) The heorizontal, vertical tailplane areas, £t

| (o) The wing area, ft¢

F (p) The lift curve slopes of rotor blades,

F horizcntal tail, verticel tail, wing, ete.

E (¢} The moment arms £y, £, and R; of horizontal
tail, vertical tail, wing, tail rotor, etec, ft

(r) The tail rotor tip speed ({IR)yr, and the
tail rotor twist (8))

(s) The propeller geometry
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5.1 TRIM CONDITIONS FOR SINGLE ROTOR HELICOPTERS

5.1.1 Hovering

The calculation procedure given below utilizes the
expressions for thrust, constant inflow and coning
argle presented in Reference 1,

The simplifying assumptions made in Reference 1,
such as constant induced veloclty, no radial flow,
tip loss factor By = 0.97, etc., are incorporated
in this procedure. '

The vertical trim condition for hovering can be
calculated as follows:

TF = Kvw

where

Ky = fuselage download factor.

]
(TE)z p [RZ(QR)2JF

Crp
2

21

6. . Cag ~0:4704N)
.75

0.3042

0gy [% (0.2213 845+ 0.3042A)]F
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X

5.1.2 Forward Speed

The trim procedure for forward speed utiliies the
performance charts. Such charts, for helicopter high
forward speeds, corresponding to advance ratios trom

Iz G.25to pu - 1.4 are presented in Reference 2. These
ciarts, as pointed out in Reference 2, incorporate the
effects of blade stall, flow compressibility and large
inflow angles. The low-speed pecivformance charts,
corresponding advance ratios of p & 0.2, were obtained
frem the results of Reference 3 and are hercin presented
in Section 5.3.

The trim procedure for forward flight is performed as
follows:

(a) Determine the required design parameters for a
single rotor helicopter as specified on page 5-1.

(b} Establish the helicopter operating conditions such
as Vg, (R, (R p . Vg, etc.

Then compute

" Vo fra Vo
F QR ™ QRN
VotiiR) VoHR)
{MT)F= ""gvs—“‘f' (MT)TR= .__.0___\_/_5___7_'3
(TF)g - [perz(.Q.R)z]F (T.F)rg” [p'rr RA(Q REZ]TR
[
Qo * 7~ PVoz

(c) Obtain fuselage lift and drag cocfficients CLpys
and C; . for arys 0, then calculate

Drus * Copys G0 Axpysr  Lrus™ CueygQo Azeg
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(d) Calculate the first approximation for the main
rotor lift and drag coefficients, thus:

Cl'y o Woleus
7" [(TFee
(__DL) - - DFUS
M (LA

Also compute rotor lift and drag using

I'_""-'I
O

|
D

e ],
ks

i
<q|n

F

{(¢) Using Reference 2, calculate the chart values of
rotor lift and drag coefficients corresponding to
rotor solidity of o = 0.1, thus:
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= RO e il ‘—m-v—v-.’-j

P NN

(£)

(g)

(h)

(i)

Using the values cof [(CL'/a)O_JF and KCDVU)O.I]F trom

step (e) and Qk, MTF and pg from steps (a) and (b},
enter the appropriate trim charts, presented in
Section 5.2 or Reference 2, and obtain the first
approximations for the following rotor trim
pavameters corresponding to o = 0.1:

‘EQC)O'I]F ’ OIF ¥ blF' 9.75,:! >\F’(C'Q/a' )F

Calculate main rotor angle of attack ac. and
rotor torque Q as follows:

Ao C' )
A [(cc)°'+§f?(TL).|F

Using A¢ from step (£) and ac, from step (g),
obtain the first approximations for the following
interference angles:

€rus™ Kepus (ton ac = )

ET = KFT(ton Qc - ?i" }F

€rp = Kerglton a¢ - 7}');

where Kgpys , Kgr , Kerp are the downwash inter-
ference factors discussed in Section 7.6.

Using the trim parameters obtained in the steps

above, assume two values of Cmg,q and calculate
apys from the following equation:
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bﬂzMs

, e ) -~
] EXFLF-IZFDF‘F‘Q‘XTqO ST GT('T-ET)J" [ - (GI-BI !JIF‘l'MFUs
'ﬂxFDF-IZFLF-RKqu St 6r

Qrus ~€rus

where
B|F= (" ac + i )F

The straight line obtained by connecting the two
points thus calculated is superimposed on the
experimental fuselage pitching moment curve of
(Cmpys VS @Fus }. The point of intersection
will yield the fuselage trim angle of attack a gs .

(j» Using ag,s from step (i), enter fuselage: charts
and obtain o

Clrus» Corus + Cvpyss Cxpys+ Ompys  and  Cnpyg o
Then calculate the following fuselage trim values:

Lrus= Clpygto Azpys o Deus = Cogyslo Axpyg
Yeus = Cyvpys G0 Ay X rus C 50 Ax s Lrus
Mrus = Ceys80 Axeyg AFUS s Neus = Cnpysd0 Axpys frus

(k) Using the values of N, from step (j) and Qf
from step (g), determine the following ta’l-rotor
parameters:

_ NeystQ

TTR . "lXTR
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(1)

(% TR ) I:(T-TW]TR

Knowing the tail-rotor parameters (fi;gq = Mp,
MTTR=[VD+(Q’R)TIJ/VS and 8, and using the

value of (C_'/o)rr from step (k) ard acog = 0,

en. r the appropriate performance charts and
obtain the following tail-rotor trim values:

Lo ] Cq
[( & oslpgr 0 e Ares O 17 905 1 Y1y 1P g

then compute

Q< [(TFr o REY]

Using values of efys from step (h) and Qgyg
from step (1), calculate

A= ap,s b o€gyg
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(n)

and then obtain
ay = atip- €y

C,=

a
T T Oy

@2
Cor= (Coot 7R )y

where

(Cogly 0.01
Ly = CL; Q057
D, = CDquST

Using the trim parameters obtained above and
assuning A =¢ =Yyg=y = 0, solve
simultaneously the X and Z equations from
Section 4 to cbtain a better approximation for
“he main rotor drag and 1lift, thus:

DF =LF C!—Kl
_ K;Q-Kz
Le l+a?
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(o)

where

K| = Wa _L'FUS(Q"EFUS)- LT(a+iT"€T)

and
Kz = Dpysla- epys)+ Dy (a+iy —€7)
+ Drpla-erp) +Lpgyst Ly —W
Then obtain

Sk s

S [—.E'a].,

——

and compute

[ EF- 22 &0

Repeat cteps (f) through (n) with new values oi
[(CL'/O- )o.l],.-and [(C.'/c in, | until convergence is
achieved, yielding the final trim values.
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(p) Calculate main rotor side force,thus:

2
Ve =ITEIo $t- 3 uB00t 5 Bbt 3020, b+ b,
~ | 3 2 | | 2
+g°00|'§#>\00'y. 000|+ Z,.LCH b|+§,ﬂ.)\bl) F
.. (q) Using the latest trim values, compute the main

rotor lateral cyclic pitch A, (from rolling
moment equation) and aircraft roll attitude ¢
(from side force equation). as follows:

(eb¥Ms)
i 32, Yptlarg Trtvrg Drg (a —GTR)_;’;FUS - _Eﬁ: big
e - 2
{eb§) Ms)
..sz Le +.__.__2_LE.
and
¢ S LFAIF+Y\;+YFUS+T’E )

(r) Finally, compute the main rotor longitudinal cyclic
pitch B, using latest trim values, thus:

F

In general, for a< 50, the above iteration
procedure is very rapidly convergent, and therefore
one or two iterations are sufficient to obtfain the
final trim conditions.
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5.2 TRIM CONDITIONS FOR TANDEM ROTOR HELICOPTERS

5.2.1 Hovering

The hovering trim conditions for tandem rotcr heli-
copters are obtained by simultaneously solving the
Z-force and pitching moment equations for the non-
accelerated condition:

T Ky W

F -I- Txpcosip-Tzceinip
lchosiR-IiRgniR

and

TR = KVW-TF

The thrust coefficients for each rotor are obtained by
using the simplified aerodynamic expressions of
Reference 1.

Tr Tr
C = C = .
T (TF) R (TF)

Y £ 4 = — T

B * 3 Ae = Ta/ 2

2L, Bf 2,Cry _Bf
8 - Q(T)F——EL Ap 8. = F(_O-'_)R_-?T-XR
75¢ B.2 7SR B>

s =L
3 3

where

Br = 0.97 - tip loss factor

@ = 5.73 - blade 1lift curve slcpe
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and

2o, .
(57 ={0.1521A+ O.I!I8_75)F

Jo, .
5= (0.|52|>\+o.|||8_?5)n

.2.2 Forward Speed

The trim procedure for tandem rotor helicopters is in
principle similar to that of single rotor helicopters
described in Section 3.1.2. The major difference arises
from the fact that some tandem rotor helicopters operate
with predetermined values of longitudinal cyclic pitch
(B, ) on the front and rear rotors. Knowing the longi-
tudinal cyclic schedule, which for those helicopters is
a function of forward speed, simplifies the trim proce-
dure for tandem rotor helicopters.

Generally, the freut and rear rotor geometric parameters
are identical.

3ased on this assumption, the trim procedure for tandem
rotor helicopters is as follows:

(a) Determine the required design parameters for a
tandem rotor configuration as specified on page 5.1

(b) Establish the helicopter operating conditiorns such
as Vg, §IR, o, p, Vg , etc.

Then compute

- _Vo
K TaR

_ Vo+.Q,R
T Vs
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= ————

(c)

(d)

TF = prRAQR)?
1
9° 5PV

Obtain Cr., and Cpg, from the appropriate

fuselage characteristic charts assuming values for

@ . Start with a = ap,g = U; then calculate

Deye= C A
Fus™ “Dgys30 M xpys

Lrus = CreysoPzpys

It is recommended that the fuselage characteristic
extracted from the appropriate experimental data.

Using Z-force equation, calculate, (C /o)y
assuming arbitrary values for (L, '/o)g, thus:

(_QL_') - W-Lrus+0rys €Fus _tQ_f_\
aF (TFlo R

Also compute

where a is given in step (a).
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¥ Assume initially that

i €p = €q = €pys=0

I
(e) Using X-force equation, calculate (Cq/0)7o7aL
using values of steps (c) and (d), thus:

Co'* _,Go Co, _  Drust Lrus €FUS _ ﬂ
T hom* (T TR T T (TE)T R

Then cormpute

_ Ao C
l'. (aco.l)p- QCF- "‘ép? (—BL,-)F

AO’ CLl

{aco dg™ acq “ou? (T

where

Ao =0c-0l

Assume initially that

S

€= €rys=0

(£) With appropriate values of (C,'/o)f  and (acq),
and (C/o)g and (2cy)), from steps (d) and (e),
enter the trim charts and read off

| ), =,

-
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(g)

(h)

(1)

Then compute

(L;QI)F ; (%Dl’on * Z%g(%l-)a]F
oy =) 4 ZA—:% &,
and

(%"1),: + (%-D:)R : (%Q'I')TOTAL

Plot (CL'/O‘)F, (CDI/O')F ' (CL'/U)R ) (CDI/C’)R

and (Co/e VroraL obtained from steps {(d), (e),
and (£) vs. (Cg/o)rora.  from step (f). Draw a
straight line of (Cp/o roraL = (Co/o) roraL .

At the point of intersection of this line with

(Cop/o MroTaL vs. (Cp/o)rora,  curve read off:
€Y/, (Co/ode, (ClYo)q and (Cplfo)e .
Convert (Cp/g)r and (CD'/o’)R thus o%tained

into E(Coycr)o., ¢ and [(CD'/cr)o_']R , using equations

from step (f).
Using the values of (C/ /o), [{CDI/O')O.I]F

(C/o)p and [‘,CD'/U')OJ]R enter the appropriate
rotor trim charts and obtain

Compute all necessary interference angles, thus:

[y

€ = Kpelton e - E ) g
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et isio 2 ) oo 2

€g = Kigltan a,. -

e

TP

A

; A
€ryus  Kepyslton ag = 77 ) + Kgeysitan ag = 4 g

where Kge, Kgg, etc., are the rotor downwash
interference factors discussed in Section 7.6.

The values of ac. ,ac, are obtained in step {d),
and Af ,AR are obtained in stzp (h).

(j) Sclve the pitching moment equation and compute

CMmpys using the values obtained in steps (h) and
(1), thus:

. (TFe
Meus qGAXFus‘QFUS

(MyuertMrueg ]

[(A sina ~B cos a}- TFio

where
A = - [+, G - (1,8 +4,60],
N [QX(C?L’)_QZ(C?D’)]FeF— [ﬂx(%‘)- ﬂz(%-)" ]R €R
B - [ﬂ,(%i)—iﬂ%“"]F +[lx(%-l)- 158,
—[ﬂx(%i) +h (%@Fep- [ﬂx(%i“ k ‘Q&Q’]R R
eb M

— - -
MHUBF+ MHUBR- 2 (0|F+ G|R I'J|F B|R )
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(k)

(1)

(m)

Also obtain

Qpys™ A= €gyg

where a is given in step (c¢) and €pys 1S
obtained in step (i).

Repeat steps (c¢) through (j) for one or two
different values of a and obtain a cross plot
of (CL/U)F y (CD/U)F y €F (CL/O-)R N (C /O')R, €r

€ryg and CM Fus  VeTsus Apys

Superimpose the available fuselage data (preferably
test data) of Cyp, Vversus agyg on the cross plot
obtained in step tk) The point of intersection of
the available fuselage moment data (Cyp,s versus
@pys } with the corresponding values computed in
step (k}, will yield the first approximation for
the trim values of apys and CMeys *

Enter a-5 from step (1)} on the cross plot of
step (k) and read off trim values of

(L‘L ) LDl CLI CD

O’F'UF’EF!(?)R|( )P,e and ¢

R FUs

Then compute

= Apys toepyg

QCF=Q + iF - BlF -

QCR‘-'Q + iR = BlR -
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(n)

(0)

Repeat steps (¢, througu {w) using values of

Qrys 4 €pys 5 € and eg £uom steps (1)

and (m) and obtain the final trim values for front
and rear rotor as follows:

(%‘) .(%?'},(%9'), ac, €, 87, A, 05,9,,b,, etc.

Obtain the following fuselage characteristics
using the available fuselage data:

Clrus' © us* Cvrus? Wrus + Cmpus + Cneys » @Fus » €Fus

Then compute

LFUS= CLFUS Qo AZFUS ' DFUS = CDFUS Go A XFus
Yeus ™ Cypus 90 Aveys » Lpus? Crus 90 Pxpys Lrys

Mrus™ Cuupys90Pxp g AFus + Nrus= Cniyq GoAxps Lrus

FUS

1
Calculate rotor side force (Cy/O‘) for front and
rear rotors using

~

\v
(e = %[-%Fe.?sao *3Orbrt 5 4Bt + G Ab)

| 3 2 I | 2
t g 00 - Aop-p g4, +a—,.m,b,+—8-,i)\b,:|
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(p) Solve rolling and yawing moment equatioas of
motion and obtain A,  and Aj, as follows:

2
i o 0, CY ebfIMg |
: {‘Rxé? [ F‘ 1ot ZorE) Pt Pig)

jm] [ o ebeMs][ Coy _pCa &y
cr(TF\ i ‘k'-"R\o-)R.I“aO'(TE) F“"')F R(U)R+RXF(U

Exn o n TF)] }/{(_UL)F (?)R[ QZR— nzs—‘ l"n]
sl s, )

e Lo m][ o, 8,

Nevs s .G ebﬂzl\f

- V(SR RzFLJ

Zlfhhg S, - 1G]}

(q)  From the Y-force equaticn, solve for the roll
attitude, thus:

( )R—( (T)F ( )FAIF (CULiRAjn
¢ - W
(TR

It is found from experience that adequate accuracy
is obtained without additional iterati-ns.
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5.

3

TRIM CHARTS FOR ROTOR SOLIDITY,o:=0,1

Classical rotor aerodynamic theories, such as those
presented in References 1 and 2, utilize several simpli-
fying assumptions which limit the applicability of the
resulting equations to low forward speeds. To increase
the range of applicability, some of these assumptions
have been eliminated in Reference 3, which presents
charts of pertinent aerodynamic rotor parameters for the
tip speed ratios ranging from u - 0.3 to p = 1.4, These
charts include the effects of blade compressibility and
retreating blade stall and do not rely upon small angle
assumptions of the classical theory. However, the charts
are prepared for only one value of rotor solidity ¢ = 0.1
arcl do not include the rotor Y-force data.

In applying the above performance charts for rotor
solidity different from o - 0.1, appropriate solidity
correction factors were utilized as presented in
Reference 3. The required Y-force data were generated

by utilizing the equation of Reference 2 together with
the pertinent performance results obtainable from
Reference 4. The charts for rotor inflow ratio A and the
blade flapping parameters ag and b, , which were not
included in Reference 3, were derived from the results of
Reference 4 and are preserited in this section.

All low-speed performance charts for p - 0.1 and 0.2
were derived from the classical rotor performance results
of Reference 5, and are presented in Figures 1 and 2.

The high-speed chaxts which are not included in Reference
3 are presented in Figures 3 through 13.

The performance charts of Reference 3 and those presented
here are derived for constant values of w , My, and 8,

The relationships hetween the basic rotor performance
parameters, such as C_/o, Cp'/o, Co/c, 9;, Qg and 8 ¢,
are presented in the form of carpet plots. The parameters
such as A, ag and b, for all values of pu are presented

as a function of rotor angle of attack, ag, for constant
values of C_ /o . Using the above parameters, the rotor
side force coefricient can be computed from the following
equation:
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The utilization of the above mentioned performance
charts with the analytical expressions wherever
necessary constitutes an integral part of the stability
method presented in this Handbook.
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Figure 1. Calculated Characteristics of a Rotor

With 0° Twist for ux = 0.1 and My= 0.8,

(a) % and @,
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Figure 1. Continued

(b) ac and 9.75
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Figure 2. Calculated Characteristics of a Rotor

With 0° Twist for u = 0.2 and M;= 0,8,

(a) %’- and o,
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(b) Ay and 8_75
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SECTION 6., PERTURBATION EQUATIONS OF MOTION

In accordance with the commonly used procecure of
stability analysis, only small perturbations about the trim
conditions are considered. This is accomplished by linear-
izing the equations of motion presented in Section 4. The
variables 8, 8, etc., denote changes from trim conditions
of aircraft pitch attitude, pitch rate, etc. The parameters
A, , B, , 8¢, and Btz denote pilot control imputs in
lateral and longitudinal cyclic itch, main rotor collective
pitch, and tail rotor collective pitch, respectively. J,
and J, are the pilot's authority ratios in the longitudinal
and lateral control, respectively. The terms Xg, Xg , etc.,
are the total or composite aircraft stability derivatives and
denote the rate of change of forces or moments with respect
to the subscript variable evaluated at the trim conditions.
The composite or total stability derivatives are presented
in Section 7.

The perturbation equations of motion can be expressed
as follows:

(a) The X-Force Eguation

Xy utXu+ Xy v+ Xgw +Xorw +Xg G+ X484+ X g+ Xy ¥
+J, \XB]CB,C+ xélca,c) + x9|58's+ )(,',ISB,s
+ JE(XAICAIC +XAICA10)+XA|5 Als +XA|SAIS

+J3(Xg 5, +x§ 8, V+xg §_+x5 5,
fc "o fe 'C frg 'S g 'S

+4(Xg, B¢ +X4.8c)+Xgg G5 +X g5 = O
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{bY The Y-Force Equation

Yo Yy THY VY @ 4+Yg B Yy FHYg F+Y, J+Y, T

B_|8+Yél B,

+9; (Y 8

B, *+Ys, Bi)4Ye,

c c S

¥, By +Yq By ) 4Ya, s

At 3

50, 8re +Y8'rc8,c)+Y5 8, tY5

rg /s ©Org s

kI, (Yg B +Y5, 8c) +Yg 85 +Y5 85 = 0

(¢c) The Z-Force Equation

ZyTHZ VAL W+ 2 W+Zg8+2§0424¢+2¢¥

+J2(ZA|CEIC +ZA,C K'CHZNS A's+25‘|s Kls

+d5(Z Srcsfc+ZércS’CHZSrs.grs'l'zérsS’s

+44(2g,8 +29.8c)+2g 85 +24,85 = 0
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(d) The Rolling Moment Equation (£)

(e)

L, o+l gL+l w+ZLgd+L 58
1Ly ¢+ Ly &+ Ly Ly

+, (ialcE,c+ié|cl§,c)+IB|SES+:£@,|SB',S
4, (IA|C E'cJ'Ii.cK'c’“LzAlf's +X Alsa—'é

+J3(igrc Brtds, E. c)+IsrsS',.s+1 b, Bes

+9,( L Bet L 4 0c)+ Lo Bs + L 485 0

The Pitching Moment Equation (M)

M T+ M THM 7 MW +Mg BamsE
+M $+M4;$+M¢,¢?+M;;;Q}‘

+4, (MBICBIC+ Méch,cH Mg, By, +M'alsé—|s




()

(g)

+04Mg Bt Mg, Bc) +Mo Bs+ Mg Bs =0

The Yawing Moment Equaticn (N)

w

Nuﬁ+NV'\7+NwW'+N,;,-W+Ngg+N§g
+N¢$+N¢;$+N¢$+N¢$

+J, (NB‘CB',ch Né,cglc) + NB‘SE-|5+ Né,sgls
+Jp (NA‘C'E, c+N;,.lcﬁ, ot NAISK‘ S+NA‘S'E,$
+ J3(N3rc§, c+r\1'8rc"8',rc) +Ns,_:5r 5+Ngr:5,s

The Stabilization Equations

Generalized stability augmentation system equations are
as follows:

B, =~"B',S(D,+02Es)+k!'g+k2§+kaﬁ+k4;}

"kssg‘ksv‘km¢




e o

The simplified "lagged rate® stabilization system can
be represented by

B|s=l -D| E-Is'fk}y
Alg=—Di Al  +ksop
§g=“kars+km$

where
Dy and D; are damping constants

k; , kz ....etc. are the linkage ratios.
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SECTION 7. STABILITY DERIVATIVES

7.1 TOTAL STAB1L1TY DER1VAT1VES

The total aircraft stability derivatives are obtained bv
differentiating the equations of motion (presented in
Section 4) with respect to the appropriate stability
variables. The derivatives are obtained here for the
following initial conditions:

(a) The aircraft is in level flight, .0

(b) The roll attitude, sideslip angle, and
heading is zero (¢=fBg=y =0)

(c) Fuselage angular rates are zero (p=q=r1 =0)

7.1.1 The X-Force Derivatives

7.1.1.1 X,

Xy =Xy )y +(Xg)g H(Xy)

n
rus Xl HXuly +HOG) X 2, (Xl

where
Xyl %(::l = Xy + Xg, %
ug” g(:l(:F ={ gt: cos Ay~ -a—::“Sin A ) sin{a-eg)- OS: cos{a-eg)
Xq, " -%:% = (—g—: cos A — -(%E sin A) si (a-e,.-)-*—gz—:cos (a-€¢)

+(l.pcos A=Y sin A} cos(a-eri+D; zin (a-¢f)

aQF=_ ae,.- =_ Krr ('}__ akl
Ou du Vo # Ou 4
a(X)g daR

AU T
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SR, P

.

Xk _, OL , OV 90x
Xug® du,:R (au: cos A auﬁ —— sin A )sin{a- ER)-ECOS(Q €R)
diX)g _, OL GYn N
XaR aa: (aa: s A, o aa:s;n A,R)sm\a-en)- daﬁcos(cx )
+(Lgpcos A'n+ Yg sin A'a) cos {a-eg) + Dg sin {a-¢p)
aaR:— a€R=_ KFR( _ ak,
du au VO m a/"' ¢
OMXeys _ 0apys
Poleus * 3e et Xars T3y
a(X)FUS aLFUS D us
{a-erys)- {@-epyg)
Upys Durvs  Oupys sin {@-€pys Sures cos {@-epyg
a(x) oL ) oD
Xarys ® T Fus _ aa:‘:: sin {a-epygd - da:,l: cos (@-epyg)
+L gy s008 (@€ + Dpyesin (a-eqyg!
aarus . dEFus . KF Fus (L_ ak)_ KRFUS( A __ii)
du du Vo g Omwe Vo u Op g
OXly _ day
T P
Oy OLy .
Uy 6uww du: sin {a-ey)- duw cos (a-ey)
O{X)y _ aLw

0Dy
n{a-ey)- Jay cos (a-ey)

Xay* da, daw
+L cos (a-¢,) + Dy, sir {a-¢,,)

aaw aew- KFW(k a} KRW k ak

Jdu du Vo H d,u.,, Vo # a/-’-n




- — =

AX) da
Xy = T " Xy +Xar 5
. a(X)T _ aL.T oD i _
T' auT = auT sl \Q'ET}- au.r cos (C! GT)
diX)y _ dL D
ar aaTT s aaTT (a-eq)- 3 TTcos (a-€1)
+Lycos 7-€7) + Dy sin (a-€q}
Jay = Oer o Ker (}._ﬂ)_____KRT(i_i)ﬁ)
aU aU Vo H a[.l. F VO H a,.l. R
_ Oyt _ dayr
(XU)VT- du “Xuyr + Xay, du
XUVT-%(S-Q‘E = — SEVT cos (a-eyr)
vT vT
Xay =g(:£ =— g—:!l cos {a-eyst +Dyrsin {a-eyq}
vT VT
aQVT aEVT Kevr A a)« KRVT A a)\ .
- == (— - ) - (— - )
du du Vo n Opr Vo p Opyg
(X)) = a(X)m = X aQTR

UTR  Quqg Urk * "Itr g

Xt _ OYr1m 001
) A = sin (@-ep) - cos (a~-esp)
iR Ourp  Ourg " Qurg ™
O0X}rr _ OY1m Drr
Xq..= = sin (a-eTp) - cos (a-etr)
%R Qarq  Oarp Oacq

+ Yo cos (@ -€gg) + Drgsin (@-eg)

PO

- =)

darr . Jdern. Ketr, A ON.  Krrr
o Lem, K A O%) Kemg
du du Vo H afl. F Vo 22 afl. R
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R VNV L
YR du % TR 9y

LM 0Ty N
up, * aupi z aupi cos ip; T sin ip,
y =c3(><)pi ] OTe N ONe.
ap, aapi dan P, - sin ip
dap _ den  Kew A O Key A O
du du Vo # Ope Vo p Opn

7.1,1.3 Xv

n
Xy = (X + 0 X0 o+ XL, X, +(><\,)W+(x\,)m+i§:,|(><v),,I

where
X | O - ,
Xyl © = = — (Lesin A_+ Ye cos A))
e B TV 0B, v T et cos By
o) I OlX)g - )
(XV)R = av R = V'O aBs = V—O(LR Sin AIR“YR cos A:R)

00¢ys

98,

Oeys | OWeus | [ Oleys .
(X,) = : : - 2sin{a-€pyg) -
v [ 535

—_ cosla-egyg)-Y ]
Fus dv Vy, 0BV FREFue
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(x), = (X,) =0

OXyr | OXlyr _ | dDyr

X)) zem— eyl VT - -

Xy}, 3 Ve 3B Vg [LVT 38, cos(a ‘vr)]
OX)r 1 OX)rg_ ! 9 Y+

(XV)TR = a = = VO a'Bs - = V-o [ ‘__'aB—s Sln(a'eTR)- aBs COS(Q“GTR)'THJ
o(X)p I X 1 0T, ONp

XJ = L — L. — ! S i -

( e Z T3y Vo 3B, v ( 38, cos ip, 38, sin ip')

7.1.1.6 Xw

n
Xy =), + X + X+ (X, 00, +(><,,,4W+(x\,,4m+§I (X,

where

- a(X)F_ aa,.-
Ty e 5,
=amn= | amh= |X
r aW'F Vo aa;.- Vo ar
aa,.- aEF | a)\
=] - = | — Kpe| | - — (—
da da RF[ m (dac)]n
a(x)ﬂ_ aaR
o5 W e
« =auh=4_auh=J_x
"R dwy, Vo, Oag Vo CR

adn=_a€|q=_ __
da | da lKFR[I p Oag




———— | — ——  —

il d(X)yr |
dwyr Vo dayr Vo

"I-va‘r(l' —

)N I 9\

dX

) “KayrlI-—

aCF I

— )

dx

dac

)

R




aaaam - t?;a'rn :|_KFTRU__|_a_aa_E)F Koo I‘_;Z_:)R
- 0X)e, L dap,
W')"i- ow -V_OXW-P. da

s 201200

“Pi' Own. V, Oap, Vp P

‘aapi=|- aepi:n—K (I-—I-a—b-)-K (I-Lﬂ)

da da it pdag, i pdac g
7.1.1.5 Xw

Xy = (Xypd +0Xgd +Xg) +0G

where
(Xa). - 9{X)q _n 9{X)g 1 dag
R0 Vo 0a V, °R da
aaR _ aE R __ aE R( RXF_RXR)__K ([-_L..Ql) (.R_xfin;)
aa ) ad ) aa Vo ) R M aacF Vo
N . a(X)T __| a(X)T_ | aQT
Xty 3% TV B8 Vo %1 da
aaT_ aCT _ aCT I.XF_ZXT __ | a)t
e da e vy [K"“ ,,_aaQF
I ak ‘EXF-IXT
+Kprll- — =) {—)
RT ,J-aacﬂ] Vo
_a(x)VT - _l_ a(x)v‘r _ aQVT

|
x. = = —
P T TV, Fa v, T da
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3 0 d N
| a.v'r - C:n =_[KFVT(I'l-Q')'\")+KRVT(I'_1 a)\) ](fxr .«xvr)
aa aa H anF 73 (3ac R VO
olx) I X |
(idpg =50 = A ).TR - _xcm_aa:rn
] dw Vo Oda V, Oa
; 6(115 aETn [ i oA f C}X ] IXF-XKTR
B TR el ) K g (= )
da Oa el paac)F wre | pOac ( Vo )
7.1.1.6 Xg
Xg=-Wcos 8
r 7.1.1.7 X6

n
Xg=(Xg) +(Xg) +Xg) +(Xg)_+(Xg)  +(X5) _ +.Z (xg),

-%'-'—Vo sin a

where
9(x) X  da 0x  db

(Xgl ==t =X, R, Xy Ry F () ——F () et

Foooe FeF FUF 3o, dq db, _ dq
Y
, ( ox ) = LFcos A, —hsin A, )sin (a-€p) - ODe cos (a-€g)

a0| F 6°|F F o'F F OIF
( ax) =(aLF s A -—aﬁsin A, )sin{a-eg)- O cos (a-¢¢)
db, , Oby b, " 1
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0X da, d¥% 0b,
Xg) =X, Ay~ Xy X R 5 R
( B)R Ur“"Zg "Wg "R+(ao|)naq *(abla dq

0 X OLn

Dg

(=) =(=5—cas A, +—alasin A sin (a-eq)- cas{a-eR)
iy e 00 dayg day,
. ( ax) = Ol cas A, +-a—YB-sin A, Ysin(a-eg)~— R cos (a-ep)
ob; ab.n ob,, R ao.R
. ax)
- (xg),, = aé“’:xuw fzw_)(""'w JZ"‘w
d(X)
(Xg), = agT = Xy, Lz, ~Xuy Ix,
AWy
(XG]VT-_a—e'— T Muyr ZVT_X‘WTR"VT
=a(x)'m_

(Q)TR 36 T MUrg ZTR.—XW-TRRXTR

0,
(Xa)Pi= 38 =Xupi RZP- —'XW.P 1

7.1.1.8 ¢

1]
X = (Xg) +(Xg) +(Xg) +(Xg) +(Xg) +(Xg) + ‘Zl 4,

where
d(X)e X  Oaq 0X Ob,
) = Ky Ly =Xy A 4 E
A TR S A A TR TR TRA R
oX), ) X  doj ( ax) Oby,

Xg) =——2 =X ~Xy A+l +
O R R e P P TR T
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(xs‘:’)w_ d¢ Ty vy vy sz
(Xg) -—‘i;;-;l:x\.rT LU
Xp)y* 6(32”- Xwr A v Xy 1,ZVT
(xs‘\")m ag(;m_xw'm j,’"m Vrr " ZTR
X * agxl;P‘:xw.Pi Iy, Xy, RZP{
7.1.1.9 ¥

Xy = (%) + X1+ X)X+ X)X+ Z Xq),,

where
GX),
(X,‘(,)F= 3 =Xy 'ng
' ax),
(xﬂf)' 0y -XVR XR
O(X)y
{x q,) =—a—*—-wi fxw
i OX)y _
(X¢)T=a—4,- Vi T Xy
a(x,\h
XPyre

aX (30.F aX ab|F
TR et e T
g £ ax\ ao.RH ax) oby,
60. g Or db, , Or
—xuw va
_XUT'QYT

9y 'XVVT 'PxVT xuVTfYVT
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X} rr

(g, g2 0y : XVTRX XtR~ x'-'m'l YIR

L O
(XW)Pi.: a\i( :XVP- R

|

=Xy A
)‘Pi uPi YPi

7.1.2 The Y-Force Derivatives

7.1.2.1 Yu

n
Yy = (V) +0V) H ), HOY) HYG Y)Y +.Z| Ny,
|=

where
a(x)r aa F
Y = =
(), =5 =Y, Y, —
= = sin A, + cos A
Ve dup aUF 'F 5u; 'F
dY)r OLf 0YF
Yy = = sin A, +———cos A
ar daF aaF l aQF !F
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Ay 1 AV
vy =.Z0w o 1 O w L aeed - i
(Yol v Ve 3% Ve [stm (a-€y) - Dy cos (a ew)]
3y _ Ay I [ _
Y, e e Ere - o i €)= .
o) = v v, 8B, v Lysin (@2-€7)- Dy cos (a-€q)
-a(Y)VT | a(Y)VT | LVT 5
(YV)VT- dv Vo aBs Vo [ ~DByrcos (a ‘v'r) _I .
_ a(ﬂTR | a(Y)'rR [ ' i aTTR]
W), 2 v I ‘—aBs = —\Z' [Ymsm (@t-€g) -Drpcos (a €l + -Eé:-l *
vy o0 L0 1 OYe
VP dv Ve 0B¢ V., 0B
7.1,2.3 'v
W
Y\‘,="?

7.1.2.4 Yw

= (), Y3+

where

a(Y)F "'Yw' aaF
F Oa

(Yw-)

PRI\ -\
Wr aWF Vo aaF VO

a(Y) Oa
(o= = = Yug aa"

Qe
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_ Oy | AL |y

- a
Wr a‘N'R Vo 0 ap Vo R

AT Oagys
(Yw)rus T 3w "rus Ja
OWgyg i 00pys !

2 e ——— T ——

Y | 0¥y _ |

z — = — -—--—Ya
Yoy dw, Vo Oay Vo ¥

a(Y)T_; 'aC!T
T 9w VT da

ZI\AL S I-I00) SR
‘N'T= - a - vV ar
dw, Vo Oa; Vo

HY vy _ v dayy
Vi dw  “VT Ja

0Yhy | OV)yp |

_OMhe 1 d(ﬂm:_i_Y

a
c)vrm Vo aam Vo TR
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n
Yo = (Yg), +(Yg) +(¥a) +(¥g) +(Y9)VT+(Y3)TR+E'(Y9 ),

where
o(Y) oY Oq oY ob
e} = - F =Y ﬂ -Y { . F F
()= 55 = Yup 2p= Y Axe + 5o 3 o
(OY)_OLF in A +i as A
do; . OJo, S0 P day, €9 Fie
Yy OLe . ay
(6b, ) =- abl'-‘ sin A.F +—a-t—)—l—£cas A,F
F F F
(Vg oY do,  OY by,
AR YURXIR Yz ﬂxR +(aul )R 3q +(abl )R 3q
oy OLg dYg
= in A - A
(aﬂl ) o sin A, o, cas A,
R R
Y : al'Rsm - i cas A
Ob, . Ob, 'R b, '
L0y
Y 33 -Y“wyzw— W j"w
oY)
(g, = agT- UT’YZT YW'T'QXT
oY)yt
¢ hg;;!": Uyt zVT"Y“"'VTR"‘VT
O(Y)g
g)g ° 08 “Vurg ern W'TRR"TR
AY)e,
(Ye)Pi ] aep' U, kz, Y"'P'E"Pi
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7.1.2.7 e

Yg = (VgD +(YE) +YG), +(Yg) +¥), +(Yg), +Z(~r¢) + 4, sin a

where
oY) ay do. dY db,
Yy = —F=Y, A, -Y 2 :
a(Y) dY aG|R aY ab|R
a5 Vv A Vv Ao HiGom) S HGE
oY)
(Y, * aqb“’ Yoo Avy ~ vy, 4z,
oty Y

(Yg)_ = 3% = Yoo IYT =Yy, RZT

ay)
(Y¢) _a_;l' YwVT X

. O0Whg
(Y )rg™ _a“; * Ywrg XYTR “Yvrr 2, TR

Yyt T Tyt ’?ZVT

0(¥)p,
(Y¢) 33 = Ywy, A —Y\,Pifzpi

i Pi

7.1.2.8 'V
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T —

=y

T

Y4,=W sin 8

2.1.2.9 ¥

N
N Y ) Ay (v N oW
Yy = (P HYG Y+ (Y + ”~P’w+”w’m+i§ e "5

where
av), ay Jdq dy  db,
Nm= -=zY =Y, 1 + £ + .
"Wt 5 ve Axe op Avg er ¢ Or a5, )F or
A, dY = QJap  OY = dbig
Y s=—zY ~Y E + +( )
(‘P)R dy R "Xr Ur7Te (da, )n Jr ch, R Or
. _a(Y)w
(Y‘p)w' alif = Vi XW_YUW Yw
ACE
(‘P) T Ay Yy ﬂxT Y‘-‘T Yr
_OYyr
(Yyh .= Oy Wt Xyt Wyttt
( )_&Wm_ _
YrR gy YrR xR UtR" YR
. a(Y)pi g
(Yq,)Pi:_caT:vai xpi-YUpi YPi

7.1-18




7.1.3 The Z-Force Derivatives

L] 7.1.3.1 Zu

Zy = (Zy) +Zy) +(2ZY)

n
s HZW, HZY HZY, T L+ 2 (2y) :

i=l

where
| 02) da
= : F
' 235 " ZuptZap 5,
a(Z)F [ D¢ . . OLf aYr . -
Zy,* du, L auFsm (G-GF)+(_ach°s A'F-a_uFSln Ay Jcos(a-ep)

o2)e _ [ 9D

OL¢ dYe
ZaF aa,.- — i aanm (a-eg) +( aaFcos A, —-aa—FsmA, Jeos({a- eF)

—[DF cos (a-€r) -(Lg cos A =Yg sin A, ) sin (a-e,,-)]

a(Z)R aaR
20— *ZugtZlo,——
i e Ou %R Jy
: a(Z)R aDR aL aYR .
Zug dup [ aun in (@-eg)+{——= Jor Rcos A+ auRsmﬂx,R)cos(o:-e,,)]
a(Z)R aDR _ aLR aYR )
Zggf Jag [ aansm (a—en)+(—5;-; cos A,R+a—anun A,n)cos(a-en)]

—[DR cos (a-eg)-(Lpcos A+ Yg sin A} sin (a-eR)J
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e L v 1 g

(Zu)rus=

(Zy),*

Ohys LI

*—-a . Urys ~ “Qrus 3y

\ (Z)eus =_[ FUS «in (0-€pye) +— FUS cos (a-eFus)]
FUS Qupys 0 upys Oupys

0 Leys

cos (a 'EFus]]

 Heys _ 9Deus sin a-€pygt + J

dens
FUS 3 apys Oagys Qrus

- [DFUS (o0} (a‘GFUs) - LFUS Sin (a‘GFus)]
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7.1.3.2 Zv
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Zy =420, 2 H T g + (B2, +2)), H2) D2,
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‘ = = = - sin i
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7.1.3.3 2w )

+(Zy), HZud, +Zw), +(zw4m+2 (z\.,)

Zy= (ZW)F +(Zw-}R +{Zy) z

FUs

where .

e(2) da
e - dw*F " Lw daF
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(Z*')TR
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(Z‘f’)vr * Zwryr vy ZVVT Zyr

a(z)TR

d¢ !

(29'5)1' 'Z“’TR XYTR ZVTH Zyg

7.1.3.8 &V
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(z¢)R-a;z£“ =2y, Kxy=Zuy Ay, +(ai|Z )R (:'“ + ai?’-n ‘:“*
(Zy), " a(;z;‘” =y, Axy=Zuy Ay
(Z#'}T'a;z£T=ZVT xy ~Zur Avq
(Z\i,)w : %ZT)VT - z"vr Xyt z”vr Yvr
(), = agzl“ 2y, Axen ~Zure Ay
Z, - a;zrg 2y, ] o, “Zup J "

.1.4 The Rolling Moment Qf) Derivatives

The rolling moment (about body X-axis) can be
written in its abbreviated form as:

n n

L =320 =Z[(Z)i ,?Yi-(ﬂi fzi+ Cfo)i] +2f1

i
i=l t=|

where

(Y); and (Z); are forces in the Y ani Z directions of body
aies, respectively, due to ith aircratt components, and ﬂ*i
and £, are respective moment arms.

(Lo); is the steady aerodynamic rolling moment about air-
craft C.G. due to i'M aircraft components, and L is the
inertia rolling momert.

7.1.4.1 Iﬂ
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HZ) A -0 Ly, +Z ) Ay (%) Az

M e
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7.1.4.3 IW’
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7.1.4.4 L w

7.1-29




L (Zw)n.?yn HZHT}ZYT +(Zv'\r)w£ +‘ZW)TRX

YT YTR
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L
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X ¢~ Ixx

Ly
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] ¥ =(Z¢,)FA7YF—(Y¢,)FA’ZF HZ‘J')R fYR —(Yq-,)REzR
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: 0Q p; aIHua aIHUB
Z Y' | £ _ R
g[( Ve (9le St =5 ]+ dr 3
where
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)

71.4.10 %V

l(;}: Ixz

7.1.5 The Pitching Moment (M) Derivatives

The pitching moment (about body Y-axis) can be
written in its abbreviated form as:

=i(M)i=nZ[(x)iR @)k + )] My
i=l 1=

where

(X); and (2); are forces in the X and Z directions of
body axes, respectively, due to i aircrart components,
and fy; and {z; are their respective moment arms.

7.1-32




(Mg), 1is the steady aerodynamic pitching moment about
aircraft C. G. due to i'M aircraft components, and M
is the inertia pitching moment.

7.1.5.1 My

My = (Xy) f7 ~(Zy) Ay 4 (Xl T = (20, Ay

X\ gy~ g 001, ~(2) £y
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7.1.5.8 V¢
M¢; = Ixy
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7.1.6 The Yawing Moment (N) Derivatives

The yawing moment (about body Z-axis) can be
written in its abbreviated form as:

n n
i=l izl

where
(X}); and {Y); are forces in the X and Y directions of
body axes, respectively, due to i aircraft components,

and X*i and Ay, are their respective moment arms.
(Ng), is the steady aerodynamic yawing moment about

aircraft C.G. due to i'" aircraft components, and My
is the inertia yawing moment,

7.1.6.1 Nu

Ny = ) hx = ) By #0100 Ry =000 Ay
+(0), K- Xy Ay, HO A=kl Ay,
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2 [0l o by J4 50 + 7 -
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7.2 CONTROL DERIVATIVES

In response calculations, particularly when stabilicty
augmentation devices are used, it is necessary to
determine the control derivatives.

For some high performance hclicopters, especially the
compound type, the control system may consist of a
mixture of conventional helicopter and fixed wing air-
craft controls, The analysis of this type of control
system is beyond the scope of the present work. However,
the mathematical procedures given below for the conven-

tional helicopter controls can be readily modified to
include such control systems.

The conventional helicopter controls consist of:
(a) Pilot Longitudiual C,clic Control (B

The longitudinal co. ~ol, B, , is applicd through
a forward or aft control stick motion. This
contrul gives rise to a pitch moment about the
aircraft center of gravity. For single rotor
helicopters, the stick motion actuates the longitu-
dinal cyclic pitch, B, . For tandem rotor heli-
copters this control, which in some cases may also
activate the cyclic controls of both rotors, B,

and B, , always applies differential collective
pitch. Differential collective pitch is achieved

by reducing the collective pitch on one rotor nead
and increasing it on the other.

On tandem rotor helicopters, the control moments
due to longitudinal cyclic control are very small
compared to those obtainable due to differential
collective pitch. Hence, longitudinal cyclic pitch
is utilized mainly to maintain the flapping of the
rotors within reasonable limits, In some modern
tandem rotor helicopters, longitudinal stick
activates only the differential collective pitch,
and the lungitudinal cyclic pitch is a separate

system which may be programmed automatically with
speed,
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(b)

Mathematicaily, the longitudinal control of a
helicopter can be expressed as:

B,= 4By te B —f AB, +g, 86,

where d,, e,, f;, and g, are the appropriate linkage
ratios between the stick moticn and the actual
control moticn., In the case of single rotor heli-
copters, the linkage ratios e, f,, and g, are zero.
For tandem rotor helicopters, generally d, = e,

(or both d, and e, may be zerc for some modern
tandem helicopters), and f,=g, . Thus, the longi-

tudinal control for tandem rotor heiicopters
becomes:

B, d, (B, _+B,) =1, (A6, ~A8,)

Pilot Lateral Cyclic Control (A,a

The lateral control is applied through a lateral
stick motion (right or left) which activates
lateral cyclic pitch control at the front and rear
rotor (A, and A_) in the same direction as the
stick mofion.

The lateral control can be expressed as:

where d, and e; are the control linkage ratios.

For single rotor helicopters, e, =0 and, for tandem
rotor helicopters, d, e, , thus
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(d)

(c) Pilot Directional Control (8,&

Directional control is applied through a pedal
movement. For a tandem rotor helicopter, the right
pedal forward applies the lateral cyclic to the
right on the front rotor head (A) and to the left
on the rear rotor {A.). In the case of a single
rotor helicopter, the right pedal forward increases
the thrust of the tail rotor to the left, through

a change of tail rotor collective pitch (A8, ).
In general, the directional control can be expressed
as:

For single rotor configuration, the linkage ratios
d3z=e3=0 . For tandem rotor configuration, f3=0
and d;=ey . Hence, for tandem rotor helicopters,

Src = dsiAIF—AIH)

Pilot Vertical Control (6,)

Vertical control which is achieved through a change
in rotor thrust is applied through a collective
pitch lever, which activates the collective pitch
of the front and rear rotor in the same direction,
Thus :

8= ds A By +eq BB,

For a single rotor helicopter, the linkage ratio
e4= 0 , and in the case of a tandem configuration,
ds=e4 . Thus:
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(e) Stability Augmentation Systems

Scability augmentation devices are utilized tc
introduce corrective control inputs automatically
into the helicopter control system. These inputs
are generally mixed with pilot control inputs.

The total control motion can be written as a super-
position of inputs from the pilot control and from
the stability augmentation svstem as follows:

Longitudinal Contrcl
Lateral Control
A,=J2A,C+Ais
Directional Control
B =Js B+ By,
Vertical Control

® =J4 Bc+es

In the above expressions J;, to Jq4 are the pilot
wthority ratios for longitudinal, lateral,
directional and vertical controls, respectively.
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7.2.1 The Longitudinal Control (81;) Derivatives

7.2.1.1 Xgio

Ox 98, 0X 96y 0 08B),  OX 06y
%o, * d8, 08, 06, 08, aa 08, 06,, 98

A e
__I_a_x,,a_X]__l_[Qx___d_x_]

B, By 38, 86,
vhere
dg,t :c?ao: cos{a-€g)- (a:F cos A'r_g 2, sin A} sin{a-eg)
669:;-%-005(“ A8 glg-c cos Alg‘ga" sin A ) sin (a-€g)
ﬁ: g::co s {a-eg)- (g Rco At g:n sin A, )sin (a-eg)
668::— 380: cos (a- eRH-(aeo cos A, +‘39 sin Ain’s'"(ﬂ'in)

7.2.1.2 YBlc

I [aaaTF +aaT:]'L[ﬂ aY]




hlie. £ o bl

dy _ OLf _ oY
aaoF 690 sin AIF+-—_£68°F cos Ay
oY __ OLs dYg
== A
38, dag sin A, aag cos A,R)
0Y dLg . 9Ya
360, aaog sin A= aeoR cos A

7.2.1.3 I8¢

z =.._[_Q_L _L]_L[_d_Z_ﬂ]

®c d, L9898 ] ¢ L0, 06,

where

dg: 2 g—:F sin (@ -‘r}+(-gc%:cos A 6:: sin A }cos (a-ef)
agi (;3;0:5 in{a- ep)+(aeo cos A - (;39 sin A} cos {a- eF)]
aaBi = (?aDR sin {a- en)+( g:: cos A+ 6:: sin A;_) cos {a - eg)
agozn z- :g“ sin (a@- eR)+(ael;Rcos A, :8 sin A, )cos (a-en)]

7.2.1.4-I'_Bu_c

2o+ [ ) 1S4

08, 08B,




where

3L 9z dy +a¢;CHUB,:

- _"l f
aB|F aE"F YF OBIF ZF dB|F

dZ a2 ' dYr +aIHUaF

08, 08, "F 08y, 2F " 36,

ipd ] az ay dZMQE

z - +
08B, 0B, "R 9B, "R 0B,

3L oz 0Y 8L ey

36,, 0B, ™ aaonfzn 08,

and

dIHUBF =_(eb.Q.2 Ms | ab",-

aB|F 2 F aap
alnuan __(eb.Q.zMsl) ab|n
aB|R 2 R aan

7.2.1.5 M

oM oM 1 oM M
= — -+ - —
Pie d,[dB,F dB,R] f L 36y, aeoR]
where
JM _ aX 0z aMHUBF
38, 08B, fa 98, Txe* 38,

oM ) dxf _ az ' dMHUBF
06y, 06y, " 08, xr d8,,
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Féi
f

oM ) 0 X ;- az N OMuysg
dB,R dE‘..R Z3 dB!R XR dB.R
oM dx dz 0 Muusg

—-—:—X -
360, 306, 20 38, Ant 36,

and

aMHUgF :( ebﬂzMs ) “_ dO;F)

aB|F 2 F aC!F

aMHueR =(8b.0.2M5 ) (1= do.R)
7.2.1.6  Nei
BI__I_(ON+6N}__L(6N dN)

C i d| 0B,F dBIR f| aaoF - dQOR

where
ON ) Y B g X 0Qf
0B, 0B, b 38, fre 08,
ON OY

f _ - ax 1, + 0Qf

f 08, 08, %F 08, ""F 06, .
dN _dY . dX ,  dQp .
dB,, -dB.Rf"R dB.RXYR 0B,
dN=dYX_de_dQR ’
080, 080, *R 08,, 'R 06, :

and




- ; La
LI 8 s [ 0 "]
aB|F " “F aaC F
éa [ 17058

=~[(TF)oR [ _"_]
aB|R - "R aac R

7.2.1,7 Stability Augmentation System (Bis) Derivatives

All required (B)g} cderivatives for stability augmentation
systems are identical to the control derivatives (B )
presented above. Thus:

Xg, * X, Loy "o
Yals = Yalc Mats = MBIC
ZB]S =ZB|C NBIS 5 NBIC

NOTE: In order to obtain the longitudinal control
derivative (B} or (B} for a single rotor
helicopter, all derivatives with respect to
BOF’ B, » and 8°R are eliminated,

7.2.1.8 Rate Derivatives Bic and Bisg

The rate derivatives, é'c and éls , are considered to be
small and are herein neglected.
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7.2.2 The lateral Control (Aic) Derivatives

7.2.2.1 Xae

OX OAg oX dAg | , 9% | OX
A = 5 2 —(— + —)
e 6A|F OAIC 3A|R aAIC dz aA'F 3A|R
where
X , .
=—{L A, +Ypcos A ) sinla-¢f)
aAw {Lgsin g TYEC g} 8l €F
ax =—{Lg sin AIR— Yp COS A’R) sin (Q'Ga)
0Ay,

7.2.2.2 TAic

L0y, oy,
IC dz aAIF aAlR
where
oy .
- = Lecos A, —Ye sin A
OA|F F Ie F rs
oY .
= Lgcos A +Yp sin A
aA|R R IR R IR
4
7.2.2.3 'k
!, 0Z 3z
Za, ==\ + )
AIC dp 0A1F aA|p

7.2-10




where

'5%;- = (Lg sin A+ Yg cos Ay ) cos (a-ef)
le
oz . (Lgsin A =Yg cos A ) cos (a-eg)
0A, R
7.2.2.4 Z:Am

1 |_6I+dI,

Me T d, 0h  0A

where
ol 9z oy I un;
TV T I TV AT

Ir Ig |F !F
ot 9z oY 0 wueq

0A,, ) dA,, Kve~ dA,szR_ A,

JI HUBE ebﬂ,zMs

T 2
--aiHUBR n (ebgzMs)
oA, 2

7.2.2.5 Ma

_1l, dM _ dMm
4 oA, | oA,

NIA|C )
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where

_OM . _9dX gy __90Z
L, Ly,

aA,F am,F BA,F
aM . 8x { __9z 7
0A, OA %R QA "*m
7.2.2.6 Nag

N, .1 (ON ON,

'c dp 0A,  OA

where

al\:_a\fﬁ_axhF

, A,  OA, "Xr A,
oON __OY { - 9 X i
Qi OA, "R OA TR

7.2.2.7 Stability Augmentation System ‘As) Derivatives

E All required (A ) derivatives for stability augmentation
systems are identical to the control derivatives (Ag)

presented above, Thus:

1 XA'S = XA’C IA]S = IAIC
YA’S = YA‘A MAIS ) MAlc
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Zy =L N =N
Rlg ~Fhig Mg e

NOTE: In order to obtain the lateral control derivatives
(A,c) or {A,.) for a single rotor helicopter, all
derivatives with respect to A, are eliminated.

7.2.2.8 Rate Derivatives (Aig_and Aig!

The rate derivatives U.h and A's) are considered to be
small and are herein neglected.

7.2.3 The Directional Control (Src) Derivatives

7.2.3.1 "8

dX  OA, 0x dA 0X 08y,

Xs, = + +
%< 3a,_ 05,  OA, 05, 08, 08,

S 9% 0%, 1 9x

ds OA, OA, f3 060
where
o0X  OY¥tr . TR

z sin {a-eyp) - cos{a-eyR)
dBom GBOTR GBOTR
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L9Y Y, 9y

Slc d3 dA.F dA.R fa aﬁon

where

oY " O0Trta
aecm aaom

7,2.3.3 28

7o o b, 02 _ 07, 1 97
Sr. d3 aA”_- 6A|R

where

0z de 0Dy ]
== oS {a-€pp) + —2 sin (@-€ra)
aBOTR aBOTR o aebTR =

a 418r

3 7.2,

4. L 8L oL 1 AL

8'0 d3 aAh_ dAIR f3 aBOTR

where
oL , 3z , _0v
060,565, ™ 690 ZTR
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7.2.3.5 M8

5’0 d3 dA'F dA,R f3 deom
where

oM ) dxf _ dzx +dQTn
060, C8os ‘TR 0807, TR 080,4

7.2.3.6 VOr

-_l_(dN_dN)__!_d[\_J_

N =
Bt dy OA,  OA, t; 06,

where

N | dYR __0X 1
daoTR dBo'rra R daC’m R

7.2.3.7 Stability Augmentation System (Srﬂ Derivatives

All required (8,,) derivatives for stability augmentation
systems are identical to the control derivatives (3, )
presented above. Thus:
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8,28, NS, “NS,,

NOTE: In order to obtain the directional control
derivatives (8, or (8} for a tandem rotor
helicopter, ellmlnate all derivatives with
respect to (B¢;g). In the case of a single .
rotor helico.ter, eliminate all derivatives
with respect to (A, ) .

7.2.3,8 Rate Derivatives Sre ang 8'9

The rate derivatives 8, and 8, are considered to
be small and are herein neglected.

7.2.4 The Vertical Control (B¢} Derivatives

7.2.4.1 ‘6

aX aeoF_+ X 06y, | dx X
X6c” 36,, 06, | 96q, 08, dy 96, ' 3o

where
90X dD¢ By,
= - (a-ep) c A 5 n A3 sin (a-ec) .
OBOF aeo,.- cos (a-ef aeoF 0S Ay~ aeoF in A, € |
9X 9D d
= A A ]
09°R OBORCOS(Q en)+-(aeo cos Ay 085 B sin h)gn(a €)
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7.2.4.2 '8¢

Y =__(_L_ _@_)

O d, 36,, aao,,
where

oY OLf . dY

= A A
69°F 690F sin anF Cos Ay
Y aLR si 6YR
z nA, -~ A
690., dB Ir 090., cos Ar
7.2.4,3 %6
a9z
: +

ZGC dq‘aeo’; 690R)
where

0z D¢ OLf OYe

deoF =~ 690., sin (a- q—)+(a-°—-cos A~ aao;m Aplcos(a- ‘F)]

aZ a0 Sl OYe

360 == aBC:Lmn (a eR)Hda—R— cos A, +69° sin A, ) cos (e-en)]
7.2.4.:@1&:
7 9L 9L,

ec d4 ’90’ 68
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oL oz 9y o O won;
aBQF aaor YF aeoF zr aaor
oL oz L _ 0L s
360, 080, "% 36 Zn 8o,
7.2.6.5 M6
_1 oM aM

"6:"3, ' 38,, * 38,
where

oM g ¢ - 0z 0 Muuag
068, 08, "IF 38, *F 08,
oM oX 0z OMuupp

daon ) aaon sz- aeonfxﬂ'{-

360

7.2.4.6 8
L 9N, ON
where
aN ] aY! __axx +ao.=
080, 08, Yoy 06, 'F d8,,
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aN gy ax

] § 9% 0Qr
08, 08, "XR 06,

36,

fy -
R

7.2.4.7 Stability Augmentation System {GE)Derivatiwgg

All required (@) derivatives for stability augmentation
system are identical to the vertical control derivatives
(8;) given above. Thus:

Xes s Xec I’ 95 = Iec
Yas = ch Mas = Mac
Zas =29c Ngs =N9c

NOTE: In order to obtain vertical control derivatives
for a single rotor helicopter, it is necessary
to eliminate all the derivatives with respect

to (g,,)

7.2.4,8 The Rate Derivatives (6c and 8s)

The rate derivatives léc) and {és) are considered to be
small and are herein neglected.

7.2-19




7.

3

7.

LOCAL DERIVATIVES

The local stability derivatives contained in this
section are presented as partial differentials of

local forces and moments of aerodynamic components with
respect to local wind conditions. These derivatives are
expressed in a suitable nondimensional form and are
obtained for the following aircraft components:

(a) Main Rotor (or Rotors)

(b) Fuselage

(c) Wing

(d) Horizontal and Vertical Tailplanes
(e; Tail Rotor

(f) Propulsion :ystem

3.1 Single Rotor {or Front Rotor of a Tandem Rotor

Helicopter)

The rotor local stability derivatives must be evaluated
at the required rotor solidity (6). These derivatives
are obtained by utilizing the values corresponding to
rotor solidity of ¢ = 0.1 and by applying the
appropriate solidity correction factors presented in
Section 7.4. The rotor derivatives for ¢ = 0.1 were
obtained from the theoretical results of Reference 1
and are presented in the form of nondimensionalized
charts in Section 7.5.

Some of the rotor derivatives, such as Y-force and
coning angle (4,), for which the numerical data was

not available were determined analytically using the
classical rotor theory. Wherever possible. these
derivatives were expressed in terms of rotor

parameters for which the performance data of Reference 1
could be utilized.
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7.3.1.1 The Longitudinal Speed (Uf) Derivatives
C L)
dLe [(TFIo) 9N
aUF = ﬂR Jg L ay, JF
Cl
0D _[(TF)o] '6(—%]
aUF - RR “f ~ ap. F
C
I [(TRo) [OlF
au,.- o QR “F L a,u. F
C
dQr =‘(T.F.)a] rag_&ﬂ,]
dug L Q Fl' aF- F
60|F i aGl
= ) )
allp .Q.R F ap. F
dab,, | db,
= ) (¢ )
aUF QR F ap. F
aIHUBF eb\Q.zMS) ( ab|F)
au,.- i pd F au,.-
aMHUBF ebﬂzMs aO|F
= )
aUF 2 )F( au,.-
7.3.1.2 The Angle of Attack (af) Derivatives
C 1
Ly [ . [a(%-—)]
= {TF)o| | ——
dag * Jel Onag e
_ - Co'
9% ey o [—a( ")]
dag ' °F da; ¢
i - Cy
= [(T.F.
dae '( )G-‘F[ dac J¢
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dar F dac ¢
50|F -( (30, )

dag dag ¢

db, _(abl)

aaF ] aac F
aiﬂuaF =(eb-n,2Ms) (ab|F)
aar 2 F aar
aMHUBF ) EbgzMs) (C)mF)
50; 2 F aGF

7.3.1.3 The Side Slip {Bs) perivatives

aQ|F
b,
dBs F
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7.3.1.4 The Angular Pitching Velocity (9) Derivatives

da, ( da, ) [ ]

dq  0q f 79.(1883 pi)e

dby,  3db, ) .883 ]

da  dq , - Q.883+u2d,
7.3.1.5 The Angular Rolling Velocity (p) Dexivatives
aO|F ) aﬂ| V- [ 1.883 1

dp ep 'F- - (1.883-pu2) 4

0oy _(dbl ) [ 34 T

dp 0p ¢ LyQU.883+u2) 4

7.3.1.6 The Angular Yawing Velocity (r) Derivativass

0o, Oq, ) an,F da,
ar  Or ¢ XY Op. )F(H)F

7.3.1.7 The Longitudinal Flapping Angle (9y) perivatives

OLg
aOIF

:-—-DF
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0% [11¢108] [
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=0

7.3.1.8 The Lateral Flapping Angle (bi) Derivatives

oL
db,. Yr
0
dby,
OYr
db,_ -F
C
a(—a—“ a 1 l I
[ db, ]F-_-‘Z-[D'(:-*-E#z)-—?:_#oo]r
C
0Q R
e frere ] [42]

7.3.1.9 Rotaor Collective Pitch (&_riner;vatives

e reye] [25)

F Fo 9845 0k
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aDe [ 0(=)]
= |(T.F)o
0§ L ]F[ 06 75 ¢
C
aYe [ O]
- | (TF)
0 e ! ’U]r[ 0675 ¢
C
9Q [ =]
= [(T.F)R |————
06 - ]F[ 08 75 ¢
ai HUBE iy eb.Q.zMs) ( 6b, )
06 2  f 0815 ¢
aMHugF - ( eb.Q.zMs) ( 60, ) |
08 2 ¢ 08¢

7.3.2 Rear Rotor of a Tandem Rotor Configuration

The local derivatives for the rear rotor of a tandem
rotor helicopter can be obtained in exactly the same
manner as those for the single rotor presented in
Subsection 7.3.1. However, to avold duplication, the
majority of the rear rotor derivatives can be formulated
by changing suffix (F) to suffix (R) in the equations of
Subsection 7.3.1 with the exception of the following:

dbig [ 1.883 ]
dq 0(1.883 +p%) 1,

dbig [ 34 ]
dp v§2(.883 +,2) Jg

da da
L=

af a}J.RﬂR

db Jb
LI el
a’.l.p QR
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.3.3 Fuselage Derivatives

The required local fuselage derivatives are

obtained by taking slopes of the appropriate fuselage
data. It is recommended that the actual test data such
as presented in References 2 through 4 for various
fuselage shapes be utilized for this purpose.

7.3.3.1 The Forward Speed (Urys) Derivatives

OLrus __e L
Jupys Vo
dDFys .2 5
al-'lru's Vo Fus
dYeus -iY
dugys Vo Fus
0L eys 2 .,
dueys T V. FUS
OMeys -2—M
dupys Vo
ONeus | 2
dupys Vo ' o0
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7.3.3.2 The Angle of Attack (Yrus) Derivatives

MS_ =q A, CLFus)
dagys Aus aﬂf»'us
_ail_-i = q Ay (%)

0 arys FUS " Odiys

9¥eys Y ( aCYFUS)

J 9 Beys 3

Qrys Qrus
eﬁj—s— = q Ay f ) (%)
dapys FUSTFUS T gg o
Meys SqAg ] (s,
0 apys FUSTFUS' 34 e
aNl-'us 2 q Ay I ac"rus
0 arus FUSTFUs U 54 .

7.3.3.3 The Side Slip Angle (Bs) Derivatives

aLFus - acl-Fus
E- AT

5 s
aDFus aCDFus
g, s Tapy
oY
a)gus - q Avpy | a;;us

s s
a‘IFus acIFus
a_Bs_ =9 AXFUSIFUS(TB—S—)
oM aCMrus

FUs _
0Bs q A"l-'usf Fus’ 98
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NOTE: The remaining fuselage derivatives can
be neglected

7.3.4 Wwing Derivatives

7.3.4.1 The Fcrward Speed (Uw’Derivativgg

_Q_I'_W_ =_2_l_w
duy Va
00y 2
an VQ

7.3.4.2 The )ngle of ittack {@w) Derivatives

o) (B o
=q0

aaw wW-w

0Dy = 2Ly

day, wiRN "

The remaining wing derivatives may be neglected.
However, if required,the additional wing derivatives
can be ovtained from Reference &

Y




7.3.5 Horizontal Tail Derivatives

The horiznntal tailplane derivatives can be obtained
in exactly che same way as for the wing by changing
suffix (W) to suffix (7).

7.3.6 Vertical Tail (Fin) Derivatives

7.3.6.1 The Forward Speed (uyt) Derivatives

dlyy 2 L
duyr Vo T
dDyr - D
duyy Vo T

7.3.6,2 The Angle of Attack (@ v1) Derivatives

dLyr _ ODyy

= =0
dayy dayr

7.%.6.3 The Side Slip Angle 8s) Derivatives

L]

divy

08s

=g OyrSyr
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7.3.7 Tail Rotor Derivatives

7.3.7.1 The Forward Sneed (urr) Derivatives

aTTR , [ (TF)O'- [ a(_o-—‘l
durr IR “rgt dp 1R
Cl
ao,,,:[(T.F.)a' [a(TH
Ourg QR gt Op rq
AP T [a(%’ﬁ‘
durr QR gt Op “1a
dQw _[(TFio] [ a(%?-]
durr L £ i1 af-'- TR

7.3.7.2 The Angle of Attack (a yg) Derivatives

0T ODp  OYye  0Qrp o

darr Odarr OGars darg

7.3.7.3 The Side Slip Angle (Bs) Derivatives

Co
%IBT_:. z - [(T- F-)"]TR[ ?B(af)]ra
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-{T.F)
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o

]

o

- :(T.F.)O'R] [

TR a‘1c TR

&y

TR a‘zc: TR

a(—cai]

TR Q¢ “TR

7.3.7.4 The Tail Rotor Collective

(GOTR) Derivatives

9T 1g
0 &re
| 0D+g
0 &8s
Y s
3 &r
0Q+g

98y

:(T. F.) 0']

:(T. F.) 0']

TR

:(T. F.) 0']

TR

TR

= ;(T.F.)O'P.] [

T

o

) ae.?Sl TR
] a(%l]

) 09_.,5 TR
(S

i 69_.,5 TR

a(%“]

) 66.75 TR

The remaining teil rotor derivatives, if any, can be
neglected.

7.3.8 Propeller Derivatives

The propeller local derivatives can be ohtained from

appropriate propeller charts.

A good comp:lation of

propeller data is contained in References 6 and 7.
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7.4 CORRECTIONS OF ISOLATED ROTOR DERIVATIVES FOR VARIATION
OF ROTOR SOLIDITY (¢)

The isolated rotor stability derivatives presented &s
charts in Section 7.5 apply only for a rotor solidity

of 0=0.1 . In order to evaluate the required stability
derivatives for rotor having solidity o %x0.l1, the
following solidity corrections must be applied:

7.4.1 Solidity Corrections for (u} Derivatives

& IENT  ag Gl MO
H a"" “o4 M o aGc 0.1
where
Ao=0-0.I
|
K| = 1
CL
+Ag [a(—a.—)]
—go-
2 dag 0.l
( )O.l - denotes stability derivatives for rotor
solidity o =0.1. These values can be-
directly obtained from the charts of
Section 7.5.
ARy [ a«-%")] & a(%)] (CL.){K ] a(%)]}
: = 2 - )
du ou y dag u 2 ZF? du
where
. G
K.- Aa[g‘ Cl.)_ a(_?L]
“ptly o o
asey 1 gty &8
il v W Sl e
H o ¢ “ou
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aP - dp 0.1 dac 0.1
9o (Obr, g, dbr,
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Oh oA d\
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Op  Op 0.1 ‘ dac

7.4,2 Solidity Corrections for (ac¢) Derivatives
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7.4.3 Solidity Corrections for "-8.75) Derivatives
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7.5 ISOLATED ROTOR DERIVATIVES FOR ROTOR SOLIDITY & = 0.1

The change of rotcr aerodynamic parameters with respect
to the basic variables, p , a¢ , and 845, are defined
here as isolated rotor derivatives. These are
functions of the trim values ac, u , 875, and My, as
well as of the design variables o , 8, , and y.

The isolated rotor derivatives presented in this
section apply to wocev solidity of o = 0.1, blade
twisc of 8, = 0° advancing tip Mach number of My = 0.8
and a range of Lock inertia number varying between

y = 2.0 and y = 25.0.

One of the prime parameters aifecting these derivatives
is rotur solidity ¢. In order to obtain the required
values of the derivatives for rotor sclidities other
than o = 0.1, appropriate solidily corrections must

be applied. Such corrections may be obtained by
utilizing the equations presented in Section 7.4. The
effect of blade twist and advancing tip Mach number may
be obtained from the charts presented in Subsections
7.5.4 and 7.5.5, respectively. The Lock inertia number y,
although generallv negligible in performance work,
primarily affects rotor flapping motion. This effect
of y on rotor fla ping derivatives can be easily
accounted for, since the paraieters such as coning angle
g , lateral flapping angle b,, and higher harmonic
flapping terms are essentially proportional to y .

The isolated rotor derivatives have heen extiacted from
the theoretical rotor performance data presented in
Reierence 1, by utilizing the graphical slope method.
The data of Reference 1 include the effects of
compressibility, stall, and reverse flow. The assump-
tions of classical theory, such as uniform induced
velocity, rigid blades, no radial flow and two
dimensional steady aerodynamic effects are retained.
These derivatives cover the range of tip speed ratios
between p = 0.3 and p = 1.0. The derivatives for the
low p values, u £ 0,2, were obtained from Reference 2
and were converted into the form utilized for the
derivatives of g 2 0.3. The results of Reference 2 are
based on classical Bailey theory with all its
assumptions and limitations.
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.2.1 Isclated Rotcr Derivatives With Respect to Rotor

Tip Speed Ratio (#)

C,
o5+ ,
7.5.1.1 e for ¢:=0.1, §,=0° and M;=0.8

Figures 1{a) through 1(i) present the isolated rotor
derivative 0(C 7o}/ 0u as a function of C,'/o for
constant values of 875 , covering the range of tip
speed ratios from u =0.l through p =10 . The
values of 0(C /c)dp for p=0l1 and 0.2 (Figures 1(a)
and 1(b)) were obtained from Reference 2 by utilizing the
following equation:

ol ot a&y
= cos Q¢ —
dp | op o

sin a¢

Values of the 0!C 70)0p for p 203 were extracted
from th: theoretical rotor performance data of
Reference 1, as slopes of the C/o vs p relationships
for constant values of 8,5 and a¢
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7.5.1.2 fr @ =0.1, 8 =0°, and M= 0.8

Figures 2(a) through 2(e) present the isolated rotor
derivative 0(Cp/0}/0u as a function of C /o for
constant values of u covering the collective pitch
range (f45) between -4° and +12°. The values of the
above derivatives for pu 2 0.3 were extracted from
rotor performance data of Reference 1 by graphically
obtaining the slopes of the Cp/c vs. p relationships
for constant values of 875 and ar . The derivatives

for 4 £ 0.2 were obtained from the data of Reference 2 by

using the following expression:

Cp C Cr
L Lo N L B
W E op
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7.5.1.3 _af-‘-— for @ = 0.1, 8, = 0° and My= 0.8

Figures 3(a) through 3(e) present the isolated rotor
derivative a(CQ/a)/dp. as a function of ¢ 70 for
constant values of u for the collective pitch rarge from
8 15 -4° to 8 44 12°. The values of the derivatives
for w2 0.3 were extracted from the rotor performance
data of Reference 1 by graphically obtaining the slopes
of the Cq/0 vs. u relationships for constant values of
875 and a;. For values of u £ 0.2, the following
expression may be used:

) =__|_{30p.+ 3,12 6,75 +f[3 5155_0314|}
e L2

] 2 op  op
e oo T re[5,-0 5]
+ 2N [8. tgo+ 2 A{8pts5—0 14} +876(821s6- 0 t42}] }
Op
where

1
%—5—’?- - 2,u[|.37?6 -0.000648 yz]
f.l.

ot
- [I.ZSO +0.000605 y

Op

g

-

Otse 2 2
—— =2u|2.835+0.000942 y 1+0.424

la2 .5, |0.2587 +0.00088 y7| +0.212 u°

i
CALL P 1195 +0.000343 yz]
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J1 44

O

< 2u [0.836 +0.00032 y"']

The value of dA/Ju can be obtained from Subsection 7.5.1.6,

and the parameters 8,8, ,3,;, ts, tss, tse
can be obtained from Reference 3.
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7.5.1.4 18, for o =0.!, 6,09 and M;=0.8

dp

Figure 4 presents the rotor isolated derivative

da,/0p as a functiorn of C /o for all values of 85

and p = 0.1 and 0.2. These derivacives for u 2 0.3
are presented in Figures 5(a) through 5(g) as functions
of C /o for constant values of 8 44.

The derivatives 0q,/0p for the values of p £ 0.2 were
obtained directly from Keference 2. The values for

g 2 0.3 were extracted from the theoretical rotor
performance data of Reference 1 by obtaining the slopes
of the o, vs. u relationships for constant values of 8 44
and Qg .

The data of Reference 2, presented herein as Figure 4,
show that the derivative of the longitudinal flapping
angle q; with respect t~ u 1is independent of &4
variation and is only a function of u . However, for
high u values (pu 2 0.3) the results of Reference 1
indicate a substantial variation of the (00./0;1.)
derivative with 875 as well as pu .
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Figure 5. Continued
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7.5.1.5 %-'—for o =01, §=0° and M7 0.8
n

Figures 6(a) through 6(g) present the isolated rotor
derivative gb;/du as a function of C /o for constant
values of 8,5 and a range of tip speed ratios from

g = 0.3 through u = 1.0. The values of the above
derivatives were extracted from the theoretical rotor
performance data of Reference 1 by graphically obtaining
the slopes of the b, vs. u relationships for constant
values of 8,5 and a. . These derivatives are
specifically applicable to rotors having Lock inertia
number y = 8.0. However, since the lateral flapping
angle b, is essentially proportional to y, a correction
factor of ¥ /8.0 may be utilized to compute Obj/du
derivatives applicable to rotors having y values other
than 8.0. Thus:

(),U- y 80 af.l- y=8.0

db,

The _aP derivatives for w < 0.2 can be computed by
using the following equation:

E

2 a>\ 2
= v | 2 0.2091- £+ =2 (1) + 6.40.1388 + 0.2425 )]
Se y[Moz001- £+ 20 46 "

A
where g_p.- can be obtained from Subsection 7.5.1.6 and

where values of t,; can be obtained from Reference 3,
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7.5.1.6 %ﬁ- for O‘=0.1, 8|=O,°and MT:O_B

Figures 7{a) to 7(i) present the isolated rotor
derivative dN/0p as a function of C Yo for constant
values of 875 for a range of p values of p = 9.1
through p = 1.0. The values of d\/du for = 0.1
and 0.2 were obtained directly from Reference 2. The
values for p 2 0.3 were extracted from the theoretical
rotor performance data of Reference 1 by graphically
obtaining the slopes of the A wvs. p relationships for
constant values of 8,5 and ac .
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Figure 7.
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7.5.1.7 for All Values of o , 8, , and My

Reference 1 and other reviewed reports doc not include the
calculated data required to determine the rotor Y-force
derivatives. It is therefore suggested that the
classical Bailey theory be utilized for this purpose.

If the above theory is used, the following expression for
d{Cy/0)/0u can be derived:

a;%") ;{&[0,(_'-,;*)-%memzm]
S [00(—'1-‘- )+ peb]
%—[ sl A 4 e
B b e 2ol
PR T PP
hEfe

dog ¥ 8.7 10
op '2[ 2 *73 ap.]

and where do,/dp | ab|/al-l-, and OMOp are given in
Subsections 7.5.1.4, 7.5.1.5, and 7.5.1.6, respectively,

The above derivative 1s applicable to all values of o,
8,, and My, provided that the pertinent rotor
parameters comprising it are evaluated at the required
condition.

7.5-52




-

7.5.2 Isclated Rotor Derivatives With Respect to_Rotor .
Angle of Attack (ag)

oL
7.5.2.1 dri for =01, 6:0° and M;=0.8

Figures 8(a) through 8(d) present the isolated rotor
derivative d(C,/c)/0ac as a function of C_ /¢ for
constant values of pu covering a range of collective
pitch settings from 875 =0 to 8,5 = 12°,

The derivatives for p £ 0.2 were extracted from the
data of Reference 2 by using the following expression:

C Cr Ch
=) Tz}  cul [0('&-) cr] ..
dag -[ dag - ) 6os ac dac + - ] sin Q¢

The values of 0(C;/c)/de; and 0(Cy/c)/da. , obtained
from Reference 2, are found to be practically independent
of 8,5 and C,/o variationms,

The values of 0(C 7c}/0ag for p 2 0.3 were
extracted from the theoretical data of Reference 1 by
graphically obtaining slopes of the C_ /¢ vs. ac
relationships for constant values of u and 8,4 .
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7.5.2.2

a(_ci'-i
a" for =01, 8,=0°, and M;=08
Q¢

Figures 9(a) through 9(i) present the isolated rotuw
derivative 0(Cp/c0)/0acas a function of C 7o for

constant values of 8,5 and a range of u from pu = 0.1 .
through p = 1.0, *

The values of 0(Cy70)0dac for p = 0.1 and p = 0.2
were obtained from Reference 2 by utilizing the

following equation: .
CDl CH CT
di—5-) [6(—C,—) CT] [67 CH]
= - + - i
da, L dag + cos @¢ Ja, | sin ac

where 0(Cy/c)/0ac .and 0(Cy/0)/0ac were obtained

- directly from Reference 2.

The values of 0(Cp7/c)/0ac for u 2 0.3 were extracted
from the theoretical rotor performance data of Reference
1 by graphically obtaining slopes of the Cp/c vs. ag
relationships for constant values of u and 8;5.
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3y
7.5.2.3 -&‘%- for o=0., 8,=0°, and My=0.8

Figures 10(a) through 10(g) present the isolated
derivative 0(Cq/c)/dac as a function of C /o for
constant values of 875 and a range of u values from
p = 0.3 through u = 1.0. These were obtained from
performance data of Reference 1 as slopes of the Cq/c
vs. a¢ relationships for constant values of u and 8-

For the values of p < 0.2, the following expression
may be used:

a(% i [ a(—?,-—e)](ap)+[ a(%&)](ax
dag du 4 dag ox J dag

where d(Cq/c)/0p and JA/dac are obtained from Sub-
section 7.5.,1.3 and 7.5.2.6, respectively, and

op

auc

=—u tan ag

c
0 (-0-9')

ak = -;— [(sl "52"‘ 2)\ 155+ 821568_75_0 (Zx t‘l + t429.'0'5)]

Values for &,, 8,, tsz, 155, 1sg, 14, and tsz may be
obtained from Reference 3.
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aac

7.5.2.4 for o =0.1, 8,=0°% and M;=0.8

Figures 11(a) through 11{d) present the isolated rotor
derivative da,/da. as a function of C,”7o for constant
values of u and a range of 8,5 values from 8,5 = 0°
through 8.5 = 12°,

The values of d¢,/dac for o0 = 0.1 and p = 0.2 were
obtained directly from Reference 2.

The values of daq,/da¢ for- w2 0.3 were obtained from
the theoretical rotor performance data of Reference 1

by graphically obtaining slopes of the q; vs. a¢
relationships for constant values oi p and 875
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db,

T‘c for c=0.1, 8, =0° and M;=08

7.5.2.5

Figures 12(a) through 12(d) present the isolated rotor
derivative db,/dac as a function of C 7o for constant
values of p and a range of 8 ;5 values from 8,5 = 0
through 8,5 = 12°., These derivatives were obtained from
the theoretical data of Reference 1 by graphically
obtaining slopes of the b, vs. a; relationships for
constant values of u and 8,5 . These derivatives are
specifically applicable to rotors having Lock inertia
number y = 8.0. However, since the lateral flapping
angle b, is essentially proportional to y , a correction
factor of y /8.0 may be utilized to compute db, /dac
derivatives for rotors having y values other than 8.0.
Thus:

abq) - Y (db|)
aﬂcy 8.0 aﬂc y=8.0

{

The db,/da; derivatives for w £ 0.2 can be computed by
using the following expression:

dby . 2 2 | 2 dA B> . Bu?
(5-&—-7[(?8--3— )A+E“|7)+(_é_+ 4 )6.75]

where dA/du is presented in Subsection 7.5.1.6, and
where values of t; can be obtained from Reference 3.

7.5-81




. % ' s -
oOumh.m ﬁ_uu
o o
1 jo saniep JuB3ISUO) 0] .ﬂ SER I_nll JO uoI3rTaARy ‘Z1 2and14
: - e
10
600 2] 0] 200 900 SO0 $0°0 €00 200 10°0 Oo
|
€0
0 0
L~
20 .\.\||1||l
N..o m.o
oUmv
B i
80 e
2l
97|
g = £ __
_.o = o) O-_"in.“ H
o0 = _m .
80 =1tN . 02
DO "nhm 1

705-82




Baaliadal o -l o

o =949  (Q)
panuijuo)y *zZ1 2and14g
Aﬁv
60°0 80°0 100 200 $0'0 0C 100 o,
| n.oh
+0 \\_ JJI 0
-l
50 =] 2
e wy
. 9’0 — | 80 ~
1. o}
4 . L0 — 0Q
— '90
e p— 2l
- al
g0 7]
9
g8 = A
o - M ol= 1
80 = 1 %‘ o2
ob = m

P




omumh.m huu
psnuIjuo) ‘71 5an3d1y

D
5
600 800 L00 300 ={e o] : tO0 €00 200 10°0
. nel =
L.l.....l..._...l..l.l
b - .V.D. =
"1 i
- .ﬂ!lul
S0l |
= = l.._\i..._..“ul
9'0
140 ..Illu!.
g8 =
1o = o \\.
0 ='g R e’
80 = ‘W g0
oB uﬂh.m i

+0

B'O

2l

Unu@
_DQ

7.5-84




0212549  (P)
pepniauo) ‘g1 2and14

7.5-85

£
Jm“
600 800 200 90’0 sO00 ' +0°0 €00 200 10°0
g0 p—"
7 )
0 A\ | "
q. \ — \
\\ L~
90 1
{
B = A _ \ —
Qg = O Lo g0=1
o0 = _m
80 = 1W
o2l =SLg




T

P, W ol e e

7.5.2.6

aaax for o =0.l ' 9| = OO, and MT =0.8
c

The derivative dA/da. is pl-tted in Figure 13 as a
function of u  and is applicaple for all values of 8.4
and C_ /o . The values of OA/dac for w = 0.1 and
s = 0.2 were obtained directly frow Reference 2. For
> 0.3, the values were extracted graphically from
the theoretical rutor performance data of Reference 1.
The results obtained are applicable for all values of
8_75,CL‘/O' , and a-.
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Figure 13. Variation of daTt With u for -

All Values of 8 15
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Cy
o=z
7.5.2.7 Ja. for All Values of o,8,, and Mg

Reference 1 and other reviewed reports do not include the
calculated data required to obtain the rotor Y-force
derivatives.

It is therefore suggesied that the classical Bailey
theory be utilized for this purpose. If the above theory
is used, the following expression for 0(CyYo)/0a; can be
derived:

Cy' )
a(TY) _a- (dog | 2, 3
= 2 {aac[OO( 6 F- i 4 ’-‘—(675+2k)]

dag
SN
ot 2 e ]
Bt 2]
where
3:: =_2_L —23 y2sin 2ac + ag: ]

and where 0o,/0ag, 0b,/8a;, aad OMbac are given in
Subsections 7.5.2.4, 7.5.2.5, and 7.4.2.6, respectively.

The expression for the isolated rotor derivative
0(Cy/o)/dag as given above 1s applicable for all
values of o,8, and Mg, provided that the pertinent rotor
parameters comprising the derivative are evaluated at the
required conditions.
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7.5.3 Isolated Rotor Derivatives With Respect to Rotor

T T T | L ———-

Collective Pitch at 75% Radius (6 7s)

C.
7.5.3.1 W‘f;— for ¢ =0.1, 6,= 0% and My=0.8

Figures 14 through 15(g) present the isolated rotor
derivative 9(C_7c)/0675  as functions of C /o and
a¢ for p = 0.1 through 1.0.

The derivatives for low u values, i.e., p < 0.2,
were obtained by using the following equation:

O Sk

0
005 085 ¢ 08

where d(C 'o)/0675 and 0i{Cy/c)/06, were obtained
from Reference 2. Values of 0(C_/c¢)/ 0875 for

g 2 0.3 were extracted graphically from rotor
performence data of Reference 1 by obtaining slopes of
the C 7o vs. 835 relationships for constant values

of p and ag¢.

Figure 14 indicates that for u< 0.2 the

derivatives are practically independent of a, and C /o
variations, whereas these for > 0,3 presented in
Figures 15(a) through 15(g) are functions of a¢ and C_/c.
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R

for =01, 8,=0°, and M;=0.8
69.75

Figures 16(a) through 16(i) present the isolated rotor
derivative 0(Cp/0)/08,5 as a function of C /e
for constant values of ag¢ and a range of u from

p = 0.1 through u = 1.0,

The above derivatives for u < 0.2 were obtained by using
the following equation:

I | dgh L digt
= \ P
06, 00 ¢ E 00 ,¢

cos Qg

where 0(Ct/0)/087¢ and 0(Cy'/0)/087¢ were obtained

from Reference 2. For p 2 0.3, 0(Cp/0)/08,¢  was

extracted graphically from the theoretical rotor perform-
ance data of Reference 1.
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7.5.3.3 =~ for o=0.1, 8,0°, and M;:0.8

Figures 17(a) through 17(g) present the isolated rotor
derivative 0(Cq/c}/08,5 as a function of C 7o for
constant values of ag and a range of tip spced ratios
from p = 0.3 through 4 = 1.0. The values of the above
derivatives for u 2 0.3 were extracted graphically
from the theoretical rotor performance data of
Reference 1.

For u £ 0.2, the following expression was used:

C
A=
————69:5 iy {[8,t53+)\(82156—0142) +29.75(82155'0?44)]
+ ——a‘;’;s [8,152+2M82t55-0 ta) 9_75(3zfss-°*423] }

where OA/08;5 is presented in Subsection 7.5.3.6, and

where 8| ' 82 ' ’53 ¥ ’55 1153 ,’52 y+-.. can be obtained
from Reference 3.
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Ja
7.5.3.4 aa' for 7=0., 8,20° and M{=0.8
5

Figure 18 presents the variation of the isolated rotor
derivative 0a,/08 ;5 as a function of rotor tip speed
ratio pu .

For values of u < 0.2, the above derivative was
ovtained by using the fellowing expression:

. do. - d)\
38 44 * 08,4

+ (15)

where JN/08,5 1s presented in Subsection 7,5.3.6 and
where t,,t, can be obtained from Reference 3.

For values of p 2 0.3, the 0a,/08,5 derivative was
obtained graphically by using the theoretical data of
Reference 1.

The results obtained are applicable for all values of
8.75' CL|/O', and ag.
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ab
7.5.3.5 687" for @ =01, §,:0° and My:0.38

Figure 19 presents the variation of the isolated rotor
derivative @b,/08 75 as a function of rotor tip speed
ratio u .

For values of u £ 0.2, the above derivative was
obtained by using the following expression:

b | [ o ]
69_75 Y 7 aa 18

where 0@A/0075 is presented in Subsection 7.5.3.6 and
.where 1,5 ,t,4 can be obtained from Reference 3.

For values of u 2 0.3, the values of 0db, /38,5 were
extracted graphically from the theoretical data of
Reference 1.

The results obtained are applicable for all values of
68,5, C_ 70, acg, and y = 8.0.

As explained previously for y values other than 8.0,
the 0b,/08 45 derivatives can be obtained as follows:

B ¥
7, 75 -

8.0
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7.5.3.6 O gor o=0l, 820°% and M;:(.8
0675

Figure 20 presents the variation of the isolated rotor
derivative OMA/d8,5 as a function of rotor tip speed
ratio p .

For values of o £ 0.2, the above derivative was
obtained by using the following expression:

C
dx . %[%(;'?:]_,32

08 45 s

where 0(C_/0)/08 .5 1is presented in Subsection 7.5.3.1
and where t5,, ts, can be obtained from Reference 3.

For p 2> 0.3, the values of the dA/0875 derivative
were extracted graphically from the theoretical data of
Reference 1.

The results obtained are applicable for all values of
8_75 ,CLl/O', and Qe .
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s
7.5.3.7 —=p5— for All Values of o ,6,, and My

Reference 1 and other reviewed reports do not include

the calculated data required to evaluate the rotor

4 Y-force derivatives. It is therefore suggested that the
classical Bailey theory be utilized for this purpose. If
the above theory is used, the following expression for the
isolated rotor derivative 0(Cy70)/08,5 can be derived:

"c(% : —;" { :;:5 [P(_%efrs‘:—k‘#"l)*‘%]
+ aae"’_"s [% +,u.(-poo+%)]
+ dgi; [575(—; +-§—p2)+x(% +u5)4 "4"' ]
+ ag:: [b. (—2— +pu5)- %',u_ao]

3 .3
“T;.Lao-i-b.(?-i-?pz)}

where

990y [l _, 5L 92X
38, 2 [4“ A ae,_.,] '

06 75 ,and OA/08 ;5 are given in

and where 0a,/08,5 , db,/
7.5.3.5, and 7.5.3.6, respectively.

Subsections 7.5.3.4,

The above derivative is applicable for all values of o,

8, , and My, provided that the pertinent rotor parameters
comprising this derivative are evaluated at the required

condicion.
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7.5.4 Effect of Blade Twist on the Isolated Rotor
Derivatives

This section presents the effect of linear blade twist on
various roter isolated derivatives with respect to the
basic variables pu, a¢, and & 45 .

The effect of blade twist on each isolated rotor
derivative for a selected range of pertinent rotor
parameters is shown on the comparison plots of Figures 21
through 23. The plots present the derivatives for zero
blade twists together with the corresponding derivatives
obtained for linear twists of -8°. These plots are based
on the theoretical data of Reference 1.

7.5.4.1 Effect of Blade Twist on the Isolated Rotor
Derivatives With Respect to i

Figures 21(a) through 21(f) give an indication of the
effect of blade twist on the derivatives a(CL'lcr)/ap. s
d(Cp/o)/du ,0(Cq/0)/ 0p ,da,/0u , db/0u ,
a)./a;z , respectively. A rotor tip speed ratio of

p = 0.4 and an advancing tip Mach number of Mt = 0.8

are selected for this presentation. The collective pitch
range covers values from 8.4= -4° to 8,45= 12°.
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7.5.4.2 Effect of Blade Twist on the Isolated Rotor
Derivatives With Respect to Q¢

Figures 22(a) thrcugh 22(f) present an indication of the
effect of blade twist on the isolated rotor derivatives
d(C 70)/0a; , 0iCy/a)/Bae , 0iCq /0)/dae ,
aO|/an ’ ab|/aac ’ d)\/dac , respectively. A
rotor tip speed ratio of u = 0.4 and an advancing tip
Mach number of My = 0.8 are selected for this presenta-
tion. The collective pitch range covers values from
8‘75 = =4° to 8_75 = 12°.
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7.5.4.3 Effect of Blade Twist on the Isolated Rotor
Derivatives With Respect to 875

Figures 23(a) through 23(f) present an indication of the
effect of blade twist on the isolated rotor derivatives
0(C 701/084s , 0(Cp70)/084s , 0(Cq/0)/06sg, Oa,/08 s
Ob, /0845 » OMN OB .5 , respectively. A representative
rotor tip speed ratio of x = 0.3 and an advancing tip
Mach number of My = 0.8 are selected for this presenta-
tion. The range of rotor angle of attack extends from

ac = +5° to a, = -20°.
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7.5.5 Effect of Compressibility on the Iso'ated Rotor

Derivatives

This section presents the effect of advancing blade tip
Mach number on vaivious isolated rotor derivatives with
Tespect to the basic aerodynamic variables u , a¢, and

9.75 *

The effect of compressibility on each rotor derivative
for a selected range of pertinent rotor parameters is
shown on the comparison plots of Figures 24 through 26.

The plots present the derivatives for the basic case of
My = 0.8 and 6,= 0, together with the derivatives
obtained for My = 0.9 and 8, = 0.

These plots are based on the theoretical data of
Reference 1.

7.5.5.1 Effect of Compressibility on the Isolated Rotor
Derivatives With Respect to u

Figures 24(a) tibrough 24(f; present an indication of the
effect of Mach number variaticn on the isolated rotor
decivatives d(C /c)/dp , diCy/c)/dp
d(Cq/c)/0u , da;/0p , db/0u , and IX/Ou ,
respectively. The results are presented for tip speed
ratio of u = 0.4 and a range of &,, from &, = -4°
through 845 = 12°.
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7.5.5.2 Effect of Compressibility on the Isolated Rotor
Derivatives With Respect to ag

Figures 25(a) through 25(k) present an indication of the
effect of Mach number variation on the isolated rotor
derivatives d(Z, /o)/dae , 0{(Cp 7c)/dac ,
a(CQ/O')/aQC N aﬂlfaac ) ab| /aac ’ and akl'aac >
respectively., The results are presented 'for two values
of tip speed ratios, u = 0.3 and p = 1.0, and a
representative range of collective pitch settings for
each pu. The two different values of u were purposely
selected in order to show the compressibility effects in
low and high speed regimes.
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7.5.5.3 Effect of Compressibility on the lIsolated Rotor
Derivatives With Respect to &%

Figures 26(a) through 26(i) present an indication of the
effect of Mach number variation on the isolated rotor
derivatives 0(C_7c¢)0875 , 0{Cp/c)0875 ,

a(C /O‘)/ag_-fs ) 60./68_75 ’ 6b./69.75 3 and
ak/gB_-,-s . respectively. The results are presented for
two values of tip speed ratios, p = 0.4 and p = 1.0,
and a representative range of rotor angle of attack for
each u. The two different values of u were purposely

selected to show the compressibility effects in low and
high speed regimes.
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7

.6

DOWNWASH INTERFERENCE EFFECTS

Interference effects between aerodynamic components can
be expressed in terms of changes of local velocity and
local angle of sttacl:. Changes in the effective
velocity cue to aerodvnamic interference are generally
small and are herein neglected. Changes in local angle
of attack, however, can be appreciable. In general,
the local angle of attack of an aerodynamic component
can be expressed in terms of the remote stream angle of
attack and interference angles as follows:

®iocaL = Q@ti-e€
where
a remote wind angle of attack relative

to the X-axis

i the geometric inclination of the
specific aerodynamic component
considered with respect to the X-axis

€ aerodynamic interference angle,

For the helicopter ccnfigurations considered here, the
aerodynamic interference is gerierated mainly by the
downwash velcocities of the rotors. Hence, each rotor
can affect any other rotor, the fuselage, and any
lifting surface attached to the fuselage. The downwash
velocity of a rotor varies with time as well as with
location. The determination of the effect of such a
varying velocity distribution on the lift and drag of

a rotor, fuselage, or lifting surface is an exceedingly
complicated task; in fact, to be consistent with other
assumptions made, it is not required in the stability
and control analysis. Indeed, it is adequate to assume
that the effective change of angle of attack of an
aerodynamic component due to rotor downwash is equal to
the average downwash velocity of the rotor, divided by
the free stream velocity, anc multiplied by an
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cubedos e

appropriate downwash interference factor. Hence, the
angle due to downwash interference of the front rotor
on the rear rotor of a tandem helicopter is given by

Vi
€p = KFR(—VIS)

where Kgp is the interference factor of the front rotor
on the rear rotor, as identified by the subscripts fRr;

Vig 1s the average induced velocity at the front rotor

plane. The term Vi is obtained by use of the momentum
equation as follows:

Vie A
TO'- ten acF—(T)F

The downwash interference angles of the front rotor on
the rear of a tandem rotor helicopter or front and rear
rotors on other aerodynamic components can therefore be
written as follows:

(a) Front Rotor on Rear Rotor

€q = KFR[ion Qe —(THF

(b) Fuselage

e ren i A
€rys ° FFusl‘°“ Qe (,;)JF'FKRFusiun QC'*7IJ R
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(¢) Wing

(d) Horizontal Tail Surface

‘T’Krr[mﬂ QCF_(ﬁ_)F] + KRT[ton acR-—(ﬁ-)R ]

(e) Vertical Tail Surface

€yr" KFVT[ tan ag, -(ﬁ—)F ] + K,M-[fon Q¢ .~ (-ﬁ-)R ]

(f) Rear Rotor on Front Rotor

4

€ = KRF[tun acR—(%-)R ]

(g) Tail Rotor

GTF!:KFTR[th “cr'(“})’,]""(ma[‘u“ ac, -(F)R]

I

/
On the basis of data on the downwash behind a single
rotor, such as Reference 1, it has been concluded by
other investigators that a presantation of the downwash
factor as a function of wake aigle will yield more
accurate results, The wake aﬂgle is defined by

)

I

|
= lyl_

x =0, + tonﬂ[(
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The variation of the interference factor Kyg as a
function of x, neglecting rotor overlap and differential
rotor height, may be taken as that suggested in
Reference 2, and is presented in Figure 1.

This factor is obtained from the theory of Reference 3 )
and represents the value of the ratio of the downwash

at the location of the center of the rear rotor to the

downwash at the center of the front rotor. The theory

is based on the downwash due to one isolated rotor and,

hence, neglects the effect of the presence of the rear ”
rotor on the resultant flow of the front rotor.

Correlation with test data, similar to those obtained

in Reference 4, is required to check the validity of

this assumption. It is recommended that until better
information becomes available, the value of Kgqas

presented in Figure 1 should be used., It is also

recommended that Kgy be taken equal to Kgg. Very little
information is available on the effacts of the r:ar

rotor on the front rotor. Some investigators recommsnd

the use of Kgr = -0.08 to indicate the existence of a

sligit upwash, Until more reliable data become

available, it is recommended that Kgr = 0 bz utilized.

Measurements of fuselage lift and drag reported in
Reference 5 indicate that for a single rotor helicopter
Krrys 1s approximately 1.0. Also, test data presented
in Reference 5 on the horizontal tail interference
factor are reproduc d here as Figure 2. These data were
obtained for the horizontal tail, located approximately
one rotor radius tehind the rotor center. Based on
these data, it is recommended that Kgy = 1.0 be
utilized,

In summary, the following values for the downwash
interference factors are recommended:

Kpg—see Fiqure 1
Krr= Kevr® Ketr= Krr .

Krpug Kew= 1.0
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INTERFERENCE FACTOR, Kgg

ROTOR
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Ker= Krvr Krre® Krrus = Krw® 1.C

Kgg= 1.0

NOTE: The values of Ky, and Kg,, are given for a wing
located at a distance of less than one rotor radius
aft of front or rear rotor shaft, respectively.
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7.7 LIFTING SURFACE CHARACTERISTICS

The aerodynamic characteristics of lifting surfaces are
documented in numerous NACA and NASA publications. As
described in Reference 1, the aerodynamic coefficients
and their derivatives with respect to pertinent stability
parameters depend on the specific geometric configura-
tion of the lifting surface. In general, it is adequate
to use the following expressions for a lifting surface
such as a wing:

Lw
CLw * Toviss
2 PYo 2w
* OwQw
where
00w
W
o =
" |+ 2
™R
Qg,, = Wwing section lift curve slope
AR = wing aspect ratio
and
Qyw ~ a+iw"€w

Also,wing drag coelficient is given by:

D CL
CD = e “!2"_' = C00w+ Lud

w 1
2 pVgo Sy
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where Cpg, 1s the wing section profile drag
coefficient.

Values for the stability deriva-

tives of lifting surfaces can be cbtained from
Reference 1.
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SECTION 8, STABILITY CHARACTERISTIC EQUATIONS

The linearized equations of motion given in Section
6 can be represented as a set of homogeneous_algebraic
equations containing the unknowns U, 7V, w, 8, ¢,y,etc.,
and the operator A. This operator is defined as the time
rate of change of the unknowns, thus: A =Zd( )/dt and
Azi d2( )/dtz ’ etc.,

The simultaneous solution for the unknowns can be
obtained by employing the usual determinant metliods which
yield

( —~ = f4(A)
FA) ' Y ST TV TN

The numerator determinants f;(A) , f,(A) ... fa(A) ... are
formed by replacing the coefficients of the appropriate
unknown variables by the column of constants which pertain

to the control inputs. The denominator determinant F (A)
consists of the coefficients of the homogeneous algebraic
equations with control inputs fixed at zero. The deter-
minant F(A) is known as the stability determinant. Expansion
of the determinant F{A) leads to the stability characteristic
equation. The property of this type of equation is that
there can be nonzero values of the unknowns (v, v, W) if,

and only if,the determinant F (A) = 0. Setting the
determinant equal to zero provides the condition for finding
the roots of the characteristic equation A, ,A, ,..... A,

In order to obtain the actual response solution of
the unknown variables (U, Vv, w; due to a given forcing function
or control input, the Heaviside expansion theorem can be
used. The Heaviside expansion method is developed in
Reference 1, pages 436 to 438, and will not be duplicated in
this section; however, the final response equations are
given below.

If it is assumed that the stability characteristic

equation F(A)=0 yields n real roots, A, , Az ,.....A; and m
pairs of complex roots, ApFopntbmi , the time history response

8=l




of any variable (e.g., variable £) can be expressed as
follows:

A
= f4lA)  ,00) T felA) D ot
6 - F(A) = F(O) +A§\ I\ +A-2A Ae sin{bpmt+ P)
vy A,

where the constants A and @ can be obtained by using
appropriate boundary conditions.

In the case that one of the real roots of the

characteristic equation is zero ( i.e., A,=0), the response
equation becomes

Am
= t4(A) _ £4(0) f4lA) ot
6 - FIA)  F'(O) t+ §A AF'(A) +A.ZA| Ae Msin(bmt+P)
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8.1

COUPLED LONGITUDINAL AND LATERAL MO :ES INCLUDING

STABILITY AUGMENTATION SYSTEM

In this section, the generalized case of aircraft
perturbation motion consisting of 6 degrees of freedom
of aircraft motion and 2 degrees of freedom of “he
mction of the stability augmentation system is
considered. The analysis presented herein is suitable
for either analog or digital computer work.

The linearized equations of motion presented in
Section 6 can be expressed as follows:

(a) The X-Force Equation

°n“+°mv+m3w+m4a+°m¢+°mw+°n5@+°mA@=ﬂ

(b) The Y-Force Equation

0y U+022V+023W+0249+025¢ +026q’-+0278|s +028A|s =K2

(c) The Z-Force Equation

Q3; U+032V + OazwW +Q348+035¢+035l’l + 03?8'8 +G38A|S=K3

(d) The Rolling Moment(ﬂi)Equation
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(e) The Pitching Moment (M) Equation

05|;+052;+ 053‘;' +054§+055$+056‘I’+057§|S+058A15] =Ke

(£) The Yawing Moment (N) Equation

Q 6,; + 062;+ 063;+ 0648 + 065€>+ o6V + 067515“' GGBEIS =Ke

(g) Stability Augmentation System Equations

(i) Longitudinal Control (8,51 Equation

an G+u72.\7+073 w+ 074§+o75q-b + 076\4_1+ 0775,5 +c1793,5 =Ky
(1) Lateral Control {A,) Equation

ag, ;+099_;+033;‘+ 034§ +°asq_5+°as $ +037§,S+ OBBEIS *Kg

The coefficients @ g and the control parameters Kp
are given in Table I.

The numerator determivant fq{A) required to determine
the response of variable (§) is given by

ay 02 03 K, . : . 0
0z O Q3 K; . - . 029
fhe | R .
Qg Ogz Qg3 Ry . . - Ogg
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THE COEFFICIENTS OF THE

EQUAT. a | 2 3
X | X +X5A Xy Xyt Xor A
Y 2 Yu YotV A Yo
z 3 Zg Zy Zwt ol
z 4 m Ly Loflyc A
M 5 M, My Myt Mg Ao
N 6 Ny Ny Ny +Ng A
Big 7 -k 0 -kgq
A 8 0 ks 0

§.1-3
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TABLE 1
DETERMINANT FOR AIRCRAFT RESPONSE ANALYSIS

4 5 6 7 8 K
Xg+XgA " h Xg, Xag ~J; XBICB_'::- Jo X, A
e a2 - !
+XGA ¢ 4 o A | X A | -dsXs, 8 —deXg B
g Ya =\ Ye Bi_=d2Ya, Ay
YA BHYgA | YytYgA 's 's e ¢ ° e ¢©
6 ¢ ¢ ql ql +YB|‘SA +YA|‘SA —J3Y8rc Src-J4Y6c6c
ZgtZgh —lea.cBT;;'JzZA|c Ay
+z.8A2 Z¢A Z‘#A 0 0 _JSZSrcgr—c —-J4ZQCQ-;
IB-*-IQ.A IA&A IJIA O O -JliachTc—Jziachl—c
YLEAT | +XGAT | 4Ly - 328, S -JaZabe
Mg A2 ngAz MJ,AZ -J| Mach,_c-JzMAch_,c
MGA® | Mga® | HMyA 0 0 ~J3Ms, Sr; ~JeMg B
Na'Az ng‘,A2 N J,Az Neg . -J, NEICB_,C.—JZNAICA_,C
FNGAT | ANGAT | ANGAT | 4Ng A -JaNg, Src ~JaNgbe
_(k| A o O A+ D|
+k2A2) +DZBI_S 0 o)
ks A A+D,
0 +kg A2 0 © +0,A,; 0




i e o

The numerator determinants f,(A), f,(AY, fa(A) , etc.

required for response calculations of the perturbation
variables u,v,w, etc., are cbtained by replacing the
coefficients of columns 2 and 3 by the set of

control ccefficients K, K, ........ Kg, respectively.

The stability determinant F(A) i= given by:

ay 9 Qa2 . . . Oy

0z 0z Qa3 . . - Q29
F(A) = ) ) .. .

Gy QJgz Qg3 . ‘ ‘ Qgs

Expanding the stability determinant F(A) = 0 yields
the generalized characteristic equation as follows:

n - n-2
AA +BA 4CA + - : - +E =0

where n is an integer denoting the highest order of the
stability characteristic equation and A, B, C, ..... E

are coefficients of the characteristic equation in terms

of total stability derivatives.
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8.2 UNCOUPLED LONGITUDINAL MODE (Three Degrees of Freedom)

Considering decoupled longitudinal motion as affected
by changes in the stability variables u,w, and @,
the corresponding stabilicy determinant F(A) Is
obtained by deleting the remaining stability variables
v, ¢,y , etc., in the equations for X, Z, and M, thus:

Qy Q)3 04

FA) = 03 033 034 { = O

Cs Q53 0s4

Expanding the stability determinant F{A} yields
FA) = 0 (033054 ~ 053 034) —0;3(03 054~ 05 Q34)
taslay ag3-05 033)

Substituting the values for the coefficients from
Table I of Section 8.1 yields

FUA = (X +Xg M) (7,42 R MGA+MG A7)
~My My A) (2042 A+25 A7) |
- (x‘,,+x\;,A)[zu(Mg A+MG A" -M,(2g+Z5 A +25A° )]
+(Xg+Xg A+x5 A%) [zu(Mw+MwA)—Mu(zw+zwA)]
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Thus:

FIA) = AA*4+BA3+CAY+DA +E =0

B = 61 Xu +GzXﬁ+GaXv}+G4X§

C = Gy Xy+G3 Xyt X +Gg X +Gg X406y X§

D = G4Xg+GaXy+GeXw+G7X8 +GgZ g
E = G,Xg+GgZg
and

G, =ZyMg—MyZg
Gy Zy MG+ Ze MG -My Z§ ~ My 2§
Gy=ZGM, ~ZyM§
Gg = Zy My My Zyy

Gy *ZwMg-MyZg - ZgMy

8.2-2
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Gg = MyZ§-ZyMg
Gy = ZyMy—MyZy
Gg = My Xyr~ My Xy
Gg = XyMy - XyMy

In order to determine the aircraft response, say, in
pitch [8=f,(A)/F{A)] due to a step input of the
longitudinal control (B,.), it is necessary to evaluate
the numerator determinant f,(A) . The determinant

f,(A) is formed by replacing the coefficients of (8}
(namely, a4 , U4, and asq ) of the stability deter-
minant F (A) given above by the contro. input functions
K|,K3, and K5.

The function f,(A) can be obtained as follows:

f4 (A)

0y (K5 033-K; as3) —03(Kg a3 —K3a5) +K (03 053 -0 033)
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Since,in this case, the uncoupled longitudinal motion

of 3 degrees of freedom with no stability augmentation
system is considered, the stability authority ratios

Jy 5 Jp 5 Jd3 +essvss., ete., are taken as unity, and all
control inpute other than (B|,) are taken as zero.

Thus, when the values for the coefficients a3,

A5 +....., etc., and the appropriate ccntrol inputs
K, » Kz and Kg from Table I of Sectlon &.1 are
substituted, the function f4(A) becomes

f4lA) = (X +Xg A) [—M3|c BTC(ZW-+Z\;,-A)+ZB|C B (My-+ M.;,-A)]
Xyt Xy L) [-Mslc B,_c(zquBlc By (My )]
~Xa,_ Bi [ZU(MW-+ My A) =My (Zyt z\;,A)]
Thus :
f4(A) =B (A" +BA+C)
where
A = XQ(ZBIC M,;,—MBIC Zyr)
B = Xy(Zg, Mir Mg, Zir)+X;(Zs, Mw—Mg  Zy)
+ X\Fr(Maic Zu'zalc MUHXB,C (My Zyr=Zy My

C = XU(ZB|C Mw-- MBlc Zw-) + xw-(MB‘cZu "ZBIC MU)
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8.3 UNCOUPLED LATERAL MODE (Three Degrees nf Freedom)

When the longitudinal stability variables u, v, and 6
and longitudinal equations of motion X, Z, M are deleted,

the stability determinant for the 3 lateral degrees of
freedom becomes

Q22 Q25 Q3¢

FIA) = | a4, Q45 Q46 | =0

Qg2 Qg5 Qgg

Expanding the above determinant yields
F{A) = 022(045066"065046"025(042966'062046)
+ 026(042 Ogs — Oz O4s)

Substituting the values for the coefficients amp from
Table I of Section 8.1 yields

FIA) = (YU+Y@A)[(L¢A+L$A2)(N¢,A+N{;}A2)
. ve 4 8 . v a2
~INGA+NGA MLgA+LygA )]
. I o, 2 . 2
-(Y¢+Y¢A)[LV(N¢,A+N¢A )-NV(L\PA*-L,I,A )]

—(Y¢+Y¢A)[LV(N¢,A+ N&;Az) -NylLgA+ L('#'Az ) ]




Thus:

FA) =A[AA4+8A3+CA2+DA+E]=O

where

A=HY,

B =H, Yy+H,Yy

C =HpYy+HYy +H Y G +HY |
D =HaYy +H,Y g +HgYy +HeY g +H,Y |

E and

HizLgNg-NgLG

H2=L¢N¢+L¥N¢—N$L¢-N¥L¢

X
(7]
[

SLENGNGLY

=
F 3
'

=NyLy-LyNy

b
'

5= LyNG-NyLg

Hg= NyLy =LyNy

Hy = LyNG-NyLg
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8.4

CRITERIA FOR STABILITY

The requirement for positive stability is that there be
no positive real root or positive real part of the
complex roots of the characteristic equation.

If there are to be no unstabie modes, certain conditions
pertaining to the coefficients of the characteristic
equation must be met. These conditions can be expressed
in terms of Routh stability criteria which involve sign
tests of the coefficients of the characteristic equatlon
and the magnitude and sign of the Routh discriminant R*
A more detailed information on the sub ject can be
obtained from Reference 1.

The sections below present a summary of the Routh
stability criteria for various types of the character-
istic equations commonly encountered in stability work.

.4.1 Routh Criteria for a Cubic

Let the cubic equation be

AN +BAP4CA+D =0 (a > 0)

The necessary and sufficient conditions for stability are

(a) The coefficients A, B, C, D>0
(b) R¥=BC-AD > 0

4.2 Routn Criteria for a Quartic

Let the quartic equation be

ar +BA +cA +DA+E = O
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The necessary and sufficient conditions for stability
are

(a) The coefficients A, B, ¢, D, E > 0
(b) R™ = D(BC-AD)-B2E > 0

.4.3 Routh Criteria for 2 Quintic

Let the quintic equation be
S 2 '
AN +BA 4+ CA° +DN 4EA+F =0

The pecessary and sufficient conditions for.stability
are

(a) The coefficients A, B, C, D, E, F > 0

(b) BC-AD > 0 , ,
(¢) R*= D(BC-AD)(BE-AF)-B(BF-AFY-F(BC-AD) > 0
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8.5

SOLUTION OF THE CHARACTERISTIC EQUATIGN

There are many methods in the literature for obtaining
the roots of the characteristic equation. The method
used will depend on the order of the characteristic
equation and particularly on whether the roots are to
be extracted by hand or by machine,

Reference 1, pages 2.1.1-157 to 2.1.1-190, gives a fairly
detailed review of the most commonly used methods for
extracting roots of the characterisitc equation ranging
from 3rd to 6th order equations.

Since quartic equations occur most frequently in iir-
craft stability work, a method is herein given £ -
solution of stability quartics. The method is known
as an "Analytical Solution of Quartics" and is based
on the Ferrari reducing cubic method. Some of the
advantages of this analytical method are that it is
independent of the relative magnitude of the coefficients,
does not require initial knowledge of the order of
magnitudes of the roots, and is particularly useful if
no real roots exist, This method is equally as well
applicable for hand calculation as it is for machine
computation,

The calculation procedure of this method is as follows:

(a) Determine the coefficients B, C, D and E of a
given quatric as follows:

A+’ +cAZ+DAFE =0
(b) Calculate

s*-Bgp +Cc%-4E
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R*-BCcD-£8%-D°

(Note that R¥ is the usual Routh discriminant
discussed in Section 8.4)

(c) Compute

h, =+ (35*-4c?)

A
3
| | % -3 *
h, = 57 (IBCS -16C™ --27R")
(d) Evaluate discriminant {A)

2 3

ha h,

b=t

(e) Determine (II,) as follows:
(1) If A> 0, then

3 3
My = \/-%h/z + ,\/’-h—-ﬁ

2
2

(ii1) If A = 0, then
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(£)

(g)

(111) If A < 0, then calculate

__he / /o003
cos P = 2/ 57
and obtain
H,=2__./—%cos(~%’-)]

o /b2 ]
II,: i 3" cos (5 +120°)
H3=2_,,/-—g—'cos(-c§-+240°)]

Select the algebraically smallest value of (Ilg)
using step (i), (ii), or (iii), whichever applies,
and compute

2
= 2C . B
g"?"nn'*' 3 = 4

Calculate

2
. B
V© g
. D-Bg
K Y=g
£-B-7
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(h) Finally, determine the four roots of the quartic
thus:

2
A ——%1 (—g—-)-—v

2
Ays _%i\/é)";

1
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8.6 ROOTS OF THE CHARACTERISTIC EQUATION

The roots of the characteristic equation can be

(a) Real
(b) Complex
(c) Combination of real and complex

The real roots correspond to a periodic motion,
converging ir amplitude as time passes if negative,
and diverging in amplitude if pcsitive,

The complex roots (Am= Omibmi)l always occur in pairs,
and each pair corresponds to an oscillatory mode

amt
Ae sin(bpt+ P)

where A is the amplitude of the oscillation and ¢ is the
phase angle.

The real part ap cof the complex pair of voots
determines the converging or diverging behavior of the
mode.,

If 9; >0 , the amplitude of the mod2 will increase with
time (t) , reculting in unstable, divergent
oscillation.

If gp=0 , the amplitude remains unchanged (neutral
stability).

If op <0 , the amplitude will decrease with time, (1)
resulting in a stable or damped oscillation.

The complex part by describes the frequercy of the
mode, in radians/second.

If the real root or real part of the complex root is

negative, the time constant Tt of the mode is defined
as
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L for real A

-A

i
"

LI complex A
L ~Qm

The time constant T corresponds to the time required

for the motion to rzach 36.8% of its original value.

If the real root, or real part of the complex root, is *
positive, it is more convenient to express the
characteristics of the mode in terms of thec time
required to double its initial amplitude t,,, where

0.693
A for real A

Ton®
0.693
am

for complex A

The converging characteristics of stable modes is some-
times also expressed in terms of the time required to
reduce to half its initial amplitude rt,,, where

0693 ¢ ¢ real A
-A
Tis2® ]
0_'693 for complex A
. "9m s
The period P of an oscillatory mode is given by -
p=2T seconds

m
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SECTION 9. KAPID METHODS FOR ESTIMATING THE LONGITUDINAL
STABILITY CHARACTERISTICS OF SINGLE AND TANDEM
ROTOR HELICCPTERS

Sections 4 through 8 present complete methods for
evaluating the dynamic stability and control response of
generalized helicopter configurations including as many as
8 degrees of freedom of coupled motion.

The methods presented therein can be used for "formal
solutions”. In preliminary design work, there is often a
need for quick and approximate estimates of the longitudinal
stability characteristics of single and tandem rotor heli-
copters. Therefore, some simplified stability methods may
often be required where time rather than accuracy is of prime
consideration.

This section presents such methods, which can be used
for rapid estimation of the longitudinal stability character-
istics of conventional single and tandem rotor helicopters
with only a slight loss in accuracy. The accuracy of the
final results using the simpiified methods is within 5% of
the "formal" solutions contained in the preceding sections.

The applicability of the simp.ified stability
methods presented in this section is limited to low and
medium forward speed regimes. i.e., those covering the tip
speed ratio range of 0.1 <y < 0.3,

The simplified stability equations presented below
have been verified by numerical calculations for typical
single and tandem rotor helicopters. The numerical results
are presented in the tables of Sections 9.1 and 9.2,
respectively.
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9.1

SIMPLIFIED STABILITY METHOD FOR A SINGLE ROTOR
HELICOPTER

The following procedure can be used for rapid
estimation of the longitudinal stability character-
istics cf a single rotor helicopter:

9.1.1 Trim Calculation

9.

The required design parameters and the longitudinal trim
conditions for z single rotor helicopter can be obtained
by using the procaedure given in Section 5.1.

The trim procedure as arscribed in Section 5.1 cannot be
appreciably simplified to save time and effort in this
approach. However, it is apparent that the computation
pertaining to lateral trim can be omitted, with the
exception of tail rotor thrust T,z . This parameter
is required in the evaluation of the pitching moment
derivatives.

The downwash interference effects of the front rotor on
the fuselage e€gys and the front rotor on the
horizontal tailplane €y are retained; however, the
interference angle at the tail rotor eygp due to
front rotor downwash can be neglected.

1.2 The Total Stability Derivatives

Using the equations of Secticn 7.1, the total stability
derivatives for a single rotor helicopter can be
simplified as shown below. These derivatives are
expressed in terms of local stability derivatives which
can be obtained from Section 7.3.

9,1.2.1 The X-Force Derivatives

(a) Xy {Xg)+ (X ) gt (Xy),

FUus
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(b)

(e)

where

X“}rusz gt'F—Fz: (a-¢g,) gﬁ’f—

"o [ - ]
txw;%ﬁ—lm«g—%ﬁi +agu’ [g: (a-ep) %DTTT]
X;)* ~ %’—

Kow Xyl t (XW"]FusJ“ Xyl
where
(X, ;',; (g-gfa-g—%fp- +L)
(X, =V'; (%Fﬁ)[(gi%:"' Drysha-epyg) - %‘?‘ﬁ + LFUS]
(K = -\'l: (%%)[g:—: (a- T)-c;%: + L1]
X9: - W
Xg= = gl ?:F - ¥ v
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9,1,2,2 The Z-Force Derivatives

(a) Zu=iZu) +(2Zy)  + (2

u )T

where

7 Ve _Lal- +a_DE )
(LU'F ( aUF aUF a |

Z,) - _[a_LﬂJ.S_ ; 9Orus (“'frus)]
FUS du FUS Oupog

_ Oaeys [aLFUS+aDFUS la

Cene) D ]
du darys  Mpys TS Fus

__[0Ly _OLy dag
Zy)hy [auT * aaT( du 4

(b)  Zy* (Zyh +(Zyr )y ¥ (e,

where
(Zu), == Vlg(%,.-ﬂ)
(2W1FUS=--\J',—O—(gEL-:-”U-;~)(a“a )
2y, == —\/';(glc‘!—:)(%i’ala

() Ty= - -\g_

(d) Zg=-w8
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(e) Zé= "'\g' Vo

9.1.2.3 The Pitching Moment (M) Derivatives

(a) My=(X, )FIZF -(Z,, )Fi’xF- (Z, ):JZ*T

OMrys . O Muue
+(xu)'l'szTR-(Zu)TfoTR+ du + auj

where

_ [aDTR n 0Dyr (da 'r:a)]

X =
Xu) Burn | Wi, B

TR

_ aDTR dDTn aa-m
(ZU)TR- [aum daﬁ( au )}(a GTR)

(b) My? (XA, -~ (2,0 4 (2 A

M oM
_ 1 FUS HUB¢
(Zw)mﬂ XrR' Vo (-3 1 Ca )

where

I
(ZW)TR- = W Dyr

M pyee

d
(e) Mg= Z,/ 2—IZF(—?'—F )

S AP S




where

.1 ds
Ly * Vo(da-r)
(d) Mg=-TIyy

9.1.3 Coeificient of the Characteristic Equation

Using the values for the total derivatives presented
above, the coefficients of the characteristic equations
can be calculated from Section 8.2.

9.1.4 Roots of the Characteristic Equation

The stability roots of the characteristic equation can

be extracted by using the numerical procedures given in
Section 8.5,

9.1.5 Numerical Comparjgon of the "Rapid Stability
Method" With the "Formal Solution"

Tables I through III show a comparison of the results
calculated using the ‘'rapid stability method", as
described above, versus the results obtained by the
"formal method" presented in Sections 7 and 8,

The sample helicopter under consideration is a single
rotor helicopter having the same design parameters as
used in the sample trim calculation presented in
Section 10.1.

In order to examine most critical variations of the
pertinent stabliity parameters, a range of tip speed
ratios of 0.1 < u £ ©C.3 was selected for this
comparison,

The tables presented in this section show that the
results obtained using the "rapid stability method” are
well within the tolerable limits of those obtained by
the "formal method™,
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NUMERICAL COMPARISOGN OF THE SIMPLIFIED VERSUS FORMAL

TABLE I

STABILITY METHOD FOR SINGLE ROTOR HELICOPTERS

p=0.1
Stability Formal Simplified
Variables Method Method
Xu -5.99 -5.56
Xy -236.00 -236.00
X 7.86 7.98
Xw 0 0
Xg -7600.00 -7600.00
Xé -904, 28 -899, 38
Xg 0 0
Zy -21.76 -21,.82
Zw -149.47 ~149. 30
Zuwr -236.00 -236.00
Zg -660.00 -660.00
25 17640. 00 17465.84
Zé 0 0
My 44.07 44,27
My 43,22 43.17
My 0 0
Mg -4992,00 -4749,29
Mg -9106.00 -9100.00
A 1 1
B 1.20561 1.17809
C 0.04321 0.02794
D 0.16875 0.16895
£ 0.08538 0.08576
A, -0.33740 -0.33639
Az -1.23600 -1.22171
0.18390 0.19001
Ay +0.413421 +0.415411
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NUMERICAL COMPARISON OF THE SIMPLIFIED VERSUS FORMAL

TABLE II

STABILITY METHOD FOR SINGLE ROTOR HELICOPTERS

7 0.2
Stability Formal Simplified
Variables Method Method
Xy -10.68 -10.59
Xy -236.00 -236.00
Xwr 14,67 14.90
Xw 0 0
Xg -7600.00 -7600.00
X8 ~-2210.17 . ~-2233.02
Xg 0 0
Zy -0.15 -0.14
Zw -188.50 -188.92
Zw -236.00 -236.00
Zg -623.00 -623.00
Zg 34896.00 34931.68
Z§ 0 0
Mu 50.61 50.66
Mw 6.39 7.64
My 0 0
Mg -6929,90 -6718.64
Mg -9100.0Q0 -9100.00
A 1 1
B 1.60551 1.58369
c 0.62716 ! 0.58852
D 0.19429 0.19261
E 0,14404 0.:4452
A, -0.71582 -0.68464
As -1.07335 -1.09856
A 0.09183 0.09975
3,4 +N.423121 +0.426861
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NUMERICAL COMPARISON OF THE SIMPLIFIED VERSUS FORMAL

TABLE III

STABILITY METHOD FOR SINGLE ROTOFK HELICOPTERS

pu = 0.3

Stability Formal Simplified

Variables Method Method
Xy -6.51 -6.30
Xu -164.60 -164,60
Xw -2.59 -2.67
X 0 0
Xg -5300.00 -5300.00
Xg 1906. 86 1911.11
Xf 0 0
Zy 18.53 18.49
Zyr -179.47 -179.50
Zor -164.60 -164.60
Zg 231.24 231.24
Z9 33709.35 34071.43
Z 0 0
My 13.67 13.57
Mw -150.88 -150.54
My 0 0
Mg -7098.36 -6944.56
Mg -8400.00 -8400.00
A 1 1
8 1.97472 1.95553
C 4.65925 4.66766
D 0.26817 0.26354
E -0.00761 -0.00710
A, 0.02080 0.01987
A, -0.08049 -0.07833
Asa ;g.gg;iﬁ‘ -0.94853

y +1. i +1.912751
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9.

SIMPLIFIED STABILITY METHOD FOR A TANDEM ROTOR
HELICOPTER

The following procedure can be used for rapid
estimation of the longitudinal stability character-
istics of a tandem rotor configuration.

2.1 Trim Calculation

The required design parameters and the longitudinal
trim conditions for a tandem rotor helicopter can be
obtained from Section 5.2.

The trim procedure as described in that section can be
simplified by omitting all the computation pertaining
to the lateral trim parameters.

.2.2 Total Stability Derivatives

Using the equations of Section 7.1, the total stability
derivatives for & tandem rotor helicopter can be
simplified as shown below. These derivatives are
expressed in terms of the local stability derivatives
which can be obtained from Section 7. 3.

9.2.2.1 The X-Force Derivatives

(=) Xy=(Xy) +X, ) +(X, e

where

aL aD
= m=F &1 =E5E
(XU)F aUF Qa aUF

R (oeq)-9Pn ,daafdlg . Dy
ol e M Gun T [aa,, (@ en) =58 L]

. N ODrys , Irys , darus
ey l:du»—us +.daFUS ( du )]
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(b) XQ=- -vg!-

(€)  Xu= (Xyr), +(Xyr), + (Xy)

FUS
where
= _l_ a_LL _QQE+L
(XW-)F Vo (aa,_- Q daF F)
=L a_aa Olg () . ).
(Xw.)ﬂ- VO (aa )[aQR (Q GR)
(Xwdpys® V_lo (%gu)[(%—:ﬁ"' Drus) (@-e€pys) + Lrys
(d) X9='W
. aO|F
(&) Xg=x, £, -X,. by - 5 b
+X, 4, - X4 -(leﬂ-)L
Rl OTWRTXR T g
where
XUF=(xu)F
XW; (XW-)F

oL aD
= 2By~ - R
XUR aUR(a GR) OUR

i [aL aD

R R
T o | — - - e—— + i ]
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9,2.2.2 The Z-Force Derivatives

() Zy=(2Zy), +12Zy) +(2Zu),

where

(B Zy= (Zy) +(Zy) +(Z,)

where

I Y
(ZWJF- Vb(aai)

Ll = = (QEg)(%—zﬂ)
= OLgys, 9arus
. Zileus = 1 G Ge )
i : (©) Zp -4
(d) ZB=‘W9
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b fasd

(&) Zg: 2y,

9.2.2.3 The Pitching Moment (M) Derivatives

(a) M= (Xg) L= @) Ly + (Xy) bp o= (Zyi dyg

+aM,US X Mg, . Mug,
du du du

(B) M= X)Ly =2 ) Ly + Xy = () U

oM oM oM
1 s HUBFp HBR
+V (da t da + da )

da
(©) Mg=zy by 2+2, by 21y (—a-q'qu

da_ OMus,  OMuwss,,
-.EZR(?';)LR+ 39 + 3q

where

(d) Mg= = Iyy

9.2-~4




9,2,3 Coefficient of the Characteristic Equation

In the case of tandem rotor helicopters, the coefficients
of the characteristic equation can be further simplified
as compared to these presented in Section 8.2, thus:

A= X,Z, Mg

B = XyZyM@+Xy(Zye M@+ ZyeM@)

C = X (Z,M3+Z, Mg+ X, (Z,Mg-M,_Zg)

D = XU(ZWMQ‘MW'ZQ)+ x9(2uMw-- MUZW')

+ XwMuZ9- X(M, Zg- XgM, 2

E = XQ(ZUMW.- MUZW-H'ZQ (XW'MLI- XUMW-)

9.2.4 Roots of the Characteristic Equation

Tne stability roots of the above characteristic equation
can be extractel by using the numerical procedures given
in Section 8.5.

9.2.5 Numerical Comparison of the "Rapid Stability
Method" With the "Formal Solution"

Tables I through III show a comparison of the results
calculated using the "rapid stability method™, as
described above, versus the results obtained by the
"formal method" presented in Sections 7 and 8.
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TABLE 1

NUMERICAL COMPARISON OF THE SIMPLIFIED VERSUS

FORMAL STABILITY METHOD FOR TANDEM ROTOR HELICOPTERS,

FORWARD C.G. POSITION (13.3% OF ROTOR RADIUS)

o

Stability Formal Simplified

Variables Method Method
Xy ~40.44 -39.98
X, -885.92 -885.92
Xwr 62.27 62.46
X 0 0
Xg -28500.00 -28500.00
Xg -2911.71 -2908.07
Xg 0 0
Z, 36.90 37.75
Zw -931.05 -936.61
Zyr -885.92 -885.92
Zg -876.09 -876.09
Zg 183591,15 182603.60
28 0 0
My -844.97 -865.26
Mu 1201.53 1093.75
Mw- 0 0
Mg ~355707.54 ~366075.77
Mg -158041.00 -158041.00
A 1 1
B 3.34666 3.37389
c 0.91761 1.17531
D -0.07531 -0.06211
E -0.17053 ~0.17671
A, 0.30793 0.29411
A, -3.04303 -2.97905
A -0.30578 -0.34447

3,4 10,297471 40.28814i
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TABLE II

NUMERICAL COMPARISON OF THE SIMPLIFIED VERSUS

FORMAL STABILITY METHOD FOR TANDEM ROTOR HELICOPTERS,

MID C.G. POSITION (1.4% OF ROTOR RADIUS)

Stability Formal Simplified
Variables Method Method
Xy -43.06 -42.47
X4 -885.92 -885.92
Xw 73.00 73.16
Xw 0 0
Xg -28500,00 -28500.00
Xg ~2621.65 -2615.32
X8 0 0
Zu 50.87 51.64
Zw -931.34 -937.38
Zw -885.92 -885.92
Zg -756.08 -756.08
Zg 187093. 24 182603.,60
Zg 0 0
My -1002.71 -1020.18
My 4360.70 4481,17
M- 0 0
Mg -371145.70 -384178.22
Mg -158041.00 ~-158041.00
A 1 1
B 3,44800 3.48843
C -3,21600 -3.10744
D -0.25950 -0,24420
B -0.16290 -0.16533
A, 0.88759 0.83944
A, -4,22781 -4,21420
A -0.05389_ -0.05691
3,4 10.205001 +0.20859i
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TABLE III

NUMERICAL COMPARISON OF THE SIMPLIFIED VERSUS
FORMAL STABILITY METHCD FOR TANDEM ROTOR HELICOPTERS,
AFT C.G., POS1TION (6.97% OF ROTOR RADIUS)

L, R TR e

i

W

Stability Formal Simplified

Varicbles Method Method
Xy -88.27 -88.14
Xu -885.92 -885,92
Xy 83.91 84.11
Xvr 0 4]
Xg -28500.00 -28500.00
Xg -2198.48 -2197.29
Xg 0 0
Zy 53.70 53.67
Zor -933.18 -940,29
AW -885.92 -885,92
Zg -7J6.28 -706.28
g 189190.60 182603.60
Zg 0 0
My ~895.19 -923.53
My 6596.49 6696.55
My~ 0 0
Mg -398042.50 -414506.48
Mg '=158041.00 -158041.00
A 1 1
B 3.67096 3.68372
C -5.92492 -5.58366
P -0.57904 -0.63996
E -0.10712 ~0.11355
A, 1.30714 1.25017
A, -4,86168 -4.81644
Ass -0.05814 -0.05873

' +0.116081 +0.124131

9. 2-8




o

The sample helicopter under corslideration is a tandem
rotor configuration operating at a tip speed ratio of
p = 0.3 and My = 0.8. The design parameters selected
for the sample helicopter are the same as those used in
the sample trim calculation presented in Section 10.2,

In order to examine the most critical variations of the
pertinent stability parameters for tancem rotor heli-
copters, this comparison is based upon a wide range of
C.G. travel.

The tables presentad in this section show that the
results obtained using the "rapid stability method" are
well within the tolerable limits of those obtained by
the "formal method".
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SECTION 10. SAMPLE CALCULATIONS

In order to better illustrate the stability methods
presented in the previous sections, sample calculations are
herein performed for both single and tandem rotor helicopters.

For each helicopter configuration. the computations
are performed according to the sequence of operations outlined
in the previous sections. O5pecifically, the sample calcula-
tions are initiated with the aircraft trim computations
followed by local and total stability derivatives and are
ended with the solution of the stability characteristic
equation and analog computations of aircraft response.

10.1 SINGLE ROLOR HELICOFTER

The sample single rotor helicopter considered is a
medium utility type aircraft as illustrated in Figure 1
of Section 3.3, It consists of a preconed, two-bladed
teetering main rotor and a rigid tail rotor. The
horizontal tailplane has no end plates and is of NACA
0015 symmetric series. The fuselage shape, shown here
in Figure 1, resembles that of the configuration D of
Reference 1. Hence, the model test data corresponding
to this configuration is utilized to obtain the required
fuselage characteristics for the sample helicopter.

These data have becen appropriately nondimensionalized
and are prescnted in Figure 2

The aircraft operating conditions assuwned in this
sample calculation correspond to a forward speed of
Vo = 207 ft/sec,a rotor tip speed of )R - 690 ft/sec,

and a pressure altitude corresponding ... sea level
standard day.

10.1.1 Trim Calculation for a Single Rotor Helicopter

The sample trim r~alculation for a single rotor heli-
copter rs performed utilizing the analytical procedure
outlined in Subsection 5.1.2 as follows:

(a) Determine the required helicopter design parameter
as shown in Table I.
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Fuselage Characteristics for the
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(b) Determine the foliowing operating condition for
the sample aircraft:

Vo = 207 ft/sec
(§2R), = 690 ft/sec
(R 713.8 ft/sec

Altitude = Sea 1ev§l standard day { p = 0.002378
slug/ft?)

Then compute

ke T (f%g'F - %g% - 0.3

), - votﬁ}Rh - 20;1;8690 - 0.3
L el i Sl

o), - vo+¢?R)TR - 207 1 718.80 - o
Qo =~ pVol =% x 0.002378x (207)2

= 50.9 1b/ft2

0.002378 x 3.14 x 222

2 2
(TE)e =[p 7R™ (QRY ],
x 6902 = 1.72 x 10° 1b

0.002378 x 3.14 x 4.32

' 2 2
(T.E [p 7R (QR) ]TR g
x 713.8% = 7.03 x 10%1p

Il

(c) Obtain fuselage lift and drag coefficients for
arys = 0.

ucing Figure 2, and assuming @gys = 0, obtain
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(d)

(e)

CLpys = -0-0060

Copys = 0158

Using the values for Az, . and Ay from
step (a) and qp from step (b), compute

-0.006 x 50.9 x 144.5

Lrus = Cupys0 Azgyg -44.1 1b

o

0.158 x 50.9 x 48

Drus = Copys 0 Axpys —

Calculate the first approximation for the main
rotor lift and drag forces, thus:

Le = W-Lpys = 5300 + 44.1 = 5344.1 1b
DF =_DFUS = -386 1b

Alsc compute the corresponding rotor lift and
drag coefficients

(_C_L) [ L ] . 534461 = 0.0609
o r “(TRole 1.72x10%0.051

o, [ T? ] .- 386 = ~0.0044C
or HTRede ) 72x106x0.051

Using Reference 2, calculate the chart values of
rotor lift anu drag coefficients corresponding
to rotor solidity o = 0.1, thus:

(Ag)e :0p—01 20.051-0.1 = -0.049

CL (Gl L
[(?)OJ]F-(?)F 0.0609
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Cg) 7 .[Ca_ Ao &
[('TTD-)OJ ]F -[ o.o 2,&1.2 ;) ]F

= -0.0044 + -2:049_ (0.0609)% = -0.0034
2(0.3)2
(£) Using the values of [{c 7o) . [tcy! /°')c||]
from step (e) and 8., puy, l& " from steps (a)

and (b), enter Figure 44 of Reference 2 and
Figure 3 of Section 5.3 and obtain the first
approximations for the following main rotor trim
parameters:

B°0%u]F= -8.2° = -0.143 rad

0, = 3.7° = 0.0646 rad
o, = 4.75° = 0.0829 rad

(6, = 7.1° = 0.124 rad
A\g = -0.052
(%&F = 0.00356

g (g) Calculate main rotor angle of attack (aCF) and
rotor torque (QF) as follows:

[ Ao C.
QCF'[(QC)QJ 2,,,2( )]F

= -0.143--9:049 20,069 = -0.160 rad = -9.16°
2x(0,3)2
Ca
0 [ (T.FIoR],

= 0.00356 x 1.72 x10%x 0.051 x 22 - 6870 ft/1b
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(h)

(1)

Using Section 7.6 or the pertinent test data,
obtain the following downwash interference
facktors:

Kepus™ Ker = Kerg 1.0

Then compute the downwash interference factors
€rysy  €1sand €rp using the values of Ap from

step (f) and ac. from step (g), respectively.
Thus _

A
€rys® €7 = €57 1.0 (ton oo - F)F

- 1.0[tan(-9.16°)+939%3] ~ 0.012 rad = 0.688°

Using the design parameters and the initial trim
values obtained in the steps above, determine the
relationship between agy s and Cmpyg from the
following equation:

2
M .
[ng - Ez D+ EE%_S' (0‘ +ac"”]F +q°[£xsc(|'€)].r
i -(AD +R,L), —ag(lySa)

Chpyedo Axpys KFus

- 2220, —ag(hkSa);

~ €fys

-5.35%x386+50. 9x16.62x21 . 4x3. 81x0.012
AFUS "~ TS 3535344, 1450, 9%16,.62x2L.4%3. BL

+50. 9x48x39x “Mrus - 0.012
5.35%5344.1+50. 9x16.62x2L. 4x3. 81
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(1)

Qpys = - 0.0247 + 0.976 C,_
) s = =1. + .
. pus 1.415 + 55.92 C,_

Superimpose the linear relationship between ag,g°
and Cwmpys from the above equation on the experi-
mental fuselage pitching moment curve Cwmpyg

vs apys® and obtain the point of intersection
as shown in Figure 3. This point yields the
fuseiage trim angle of attack

arus = _3.20 = -010558 rad
Using agrys from step (i), enter the fuselage

charts of Figure 2 and obtairn the following
fuselage characteristics.

Cipys = -0.0073
Cupys = -0.032
Copys = 0-158

Chpys = 00077
Cypys = -0-0057

[ = -
Cipys = ~0-002

Then compute the corresponding fuselage forces and
moments, thus:

-0.0073 x 50.9% x 144.5

Lrys=Cy Qo Az
FUS Fus -53.7 1b

Drus *Copys 0 Axpys = 0-198 X 50.9 x 48 = 386 1b

Yrus *CreysQoAveys = -26025;))( 50.9 x 160.7

B RS = -3050 ft-1b
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i’rus - Cxpusqo"xpus'trus

= -0.002 x 50.9 x 48 x 39 = -191 ft-1b
Neys "CNFusquxpuskrus

= 0.0077 x 50.0 x 48 x 39 = 734 ft-1b

(k) Using the values of Ngys from step (j) and Qf
from step (g),determine tail rotor thrust and
tail rotor lift coefficient, thus

+
TTR= NiU_S QF on 734 + 6870 =272 1b

~Rxr 28
i) Jeie] = 22 - 0.0368
c'tp LTF)o g 7.03 x 104 x 0.105

(1) With the values of 8,.., ptr, and Mrqy from
steps (a) and (b), (C /o)t from step (h), and
lagiqg = 0, enter the appropriate performance
charrs of Reference 2 (interpolate between the
charts if necessary), and obtain the following
tail rotor parameters:

Cp _ _ -
[ ] |7 0.0020,  Agg= 0.007
(£e) - o.00m1, (875) = 2.2°

TR TR
Then compute
o Ao C/
[( L ‘;t ]
7 ol o 1R

= 0.0020+{0:703-0:3) (0.0368)2 = 0.00204
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(m)

(n)

Dra- [..%a T.F)o)re = 0.00204x7.03x10%x0,105=15.1 1b

C [% (TF)oR]rg = 2togléx7igax10‘*xo.105x4.3
= 34,9 ft-

From the trim values obtained in the steps above,

determine the horizontal tail plane character-
istics as follows:

@:apysterys = -0.0558 + 0.012 = -0.0438 rad
= -2.51°

(:!T=cz+|T-eT

-0.0438 + 0 -0,012

= =0,0058 rad - -3.2°

Cops0rar = 3,81 (-0.0558) = -0.213
2

2
Co ={Cn + = 0.01+32:222) = 00,0134
or*{Cog mﬂ)T 3.14x4.23

Ly=CL ap St

1l

-0.213 x 50.9 x 21.4

I

-232 1b

i

Dr=CprQ0St = 0.0134 x 50.9 x 21.4 = 14,6 1b

Assuming A *¢ = Yrp=® yc =0, solve

simultaneously the X and Z equationsfrom Section

4,0 to obtain a better approximation for the main
rotor lift and drag, thus

K| = Wa -Lpus(a'erus) 'LT(C! B GT) + Dpyg + DT + Dt

- 5300(-0.0438) + 53.7(-0.0538) + 232(-0.0558)
+386 + 14.6 + 15.1 = 1A8 1b

Kz = Dpus(a "€FUS) + DT(Q '€T) ‘!‘DTR(Q"GTQ) +LFUS +LT -W

386(-0.0558) + 14.6(-0.0558) + 15,1(-0.0558)
-53.7 =232 - 5300 = -5610 1b
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(o)

Kia—-K; _ 168(-0.0438)+5610 _ 5590 1b
I+ a? 1+(-0.0438)2

Le=

Dr = Lpa—K, 5590(-0.0438) - 168 = -413 1b

Then obtain

(&L, =[{C_L', ] L I 5590 = 0.0637
o LU oo TRk 1,72x10%0.051

]
Lo, [ D ] = - 413 = -0.00471
o'r LTFole  1.72x10%x0.051

[(C_o', ] =[C_o'_£(c_ﬁ,z]

2
Torg O 2uc o .

=-0.00471+M9_§(0.0637)2=-0.00361
2x(0.3)

Repeat steps (f) through (n) with the new values
of [(C 70)5,]r and [(Cp70)g,]f from step (n)
until convergence is achieved, yielding the final
trim values as shown in Table II below:
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(p) Using the final trim values frcm Table II,
calculate main rotor side {srce, thus:

3 ! 3 2
Yp = [(T.F.)o- %(--4—# 81500+ 3 615, gk 8750, .

3

' < : Lo +Lunl
+T)\b,+—ooo,—?p)\oo-p Qg0 + Z pab,+ g Aby

6

_ 1.72x10°%0.051x5.73(.3x0. 3x0.126x0.0675
4
+3%0,126x0.0288+3x0.09x0. 126 x0.0288

-%xﬂ.056x0.0288+%x0.0675x0.0846

+%x0.3x0.056x0.0675-0.09x0.0675x0.0846

+%x0.3x0.0846x0.0288-%x0.09x0.056x0.0288)
= 129 1b

(g) Also compute the maln rotor lateral cyclic Ay
(from the rolling moment equation) and aircraft
roll altitude ¢ (from the side force equation)
using the final trim values as follows:

2
_ebl)l Mg
R _dgr 5 an+£zTR
g 2
ebSl Mg
~ =5.35 x 129-5 x 274 + 1 x 15.8 x 0.0625 + 191
5.35 x 5620

Tra +Ay, Drala-erg) ~Leus

4

-0.0621 rad = -3.56°
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$- W

,_(-5620 x 0.0621 + 129 -49.1 + 274}
5300

- =0.00092%4 rad = -0.0529°

(r) Finally, compute the main rotor longitudinal cyclic
pitch

Bip: a-acF-FiF= ;Oégﬁl4 + 0.164 = 0.123 rad

10.1.2 Stability Derivatives for a Single Rotor
Helicopter

The numerical procedure for computing the stability
derivatives Icr a single rotor helicopter is very
similar to that presented in Section 10.2.2 for the
sample tandem rotor configuration. The main rotor
and the tail rotor derivatives for the sample single
rotor helicopter are obtained by following the numer-
ical procedures for the front rotor of the tandem
rotor configuration of Section 10.2.2 and by utilizing
the appropriate trim conditions presented in Table II.
The required fuselage derivatives are computed by
graphically obtaining slopes to the fuselage data of
Figure 2, and utilizing equations presented in Sub-
section 10.2.2.3. The horizontal tail plane deriva-
tives are obtained from Reference 3.

The total stability derivatives for the sample single
rotor helicopter for the six degrees of freedom of
aircraft coupled motion are presented in Table III.
This table also incliudes .he control derivatives
required for aircraft response calculations.
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10.1.3 Stability Characreristic Equation

The stability characteristic equation for the sample
single rotor helicopter can be obtained by utilizing
the total aircrafu stability derivatives presented in
Table III and by following the analytical procedure
outlined in Section 8. The numerical procedures for
obtaining the coefficients of the characteristic
equation extracting the stability roots and the
analysis of the roots are exactly the same as those

for the tandcm rotor configuration presented in Section
10.2.3. Therefore, these numerical procedures will not
be duplicateda here.

The computations of aircraft stability characteristics
involving more than three degrees of freedom of air-
craft motion are most conveniently performed utilizing a
digital or analog computer program. A typical analog
computer program for predicting the response character-
istics due to control inputs of a single rotor heli-
copter is described below.

10.1.4 Aircraft Response

Presented in this section are typical computations for
the sample single rotor helicopter response due to
control inputs. These computations were performed with
the aid of the Pace 231R analog computer and include
six degrees of freedom of coupled aircraft motion and
two degrees of freedom of a stabilization device. The
input forcing functions (step or pulse inputs) are the
pilot's longitudinal and lateral cyclic controls which
are programmed to be activated independently or
simultaneously. The analog computer schematic diagram
representing the equatiors of motion of the aircraft
and the stabilization device is shown in Figure 4.

The sample calculation was performed utilizing the
total helicopter stability derivatives presented in
Table III. These derivatives were normalized by the
coefficient of the highest order variable, e.g., the

X equation was divided by X;, the M equation was
divided by Mg, etc. In addition, appropriate scaling
factors were utilized. The resulting settings of the
potentiometers P and Q shown in Figure 4 are presented
in Table IV.
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TABLE IV

ANALOG COMPUTER PQTENTIOMETER SETTINGS

Pot. Pot. Pot, Pot.

No. Setting || No. Setting || No. Setting [l No. Setting
POO | 0.7114 P10 | 0.0805 P20 | 0.0158 P30

Q00 | 0.7114 || Q10 | 0.0274 Q20 | 0.5455 Q30 | 0.2000
POl | 0.0154 P11 | 0.0271 P21 | 0.0012 P31 | 0.5000
Q0lL | 0.0053 Qll | 0.6805 Q21 | 0.3374 Q31 | 0.1400
P02 | 0.1667 P12 { 0.1000 P22 | 0.3074 P32 | 1.0000
Q02 | 0.06562 QL2 | 0.0169 Q22 | 0.3333 Q32

P03 | 0.0070 P13 | 0.2629 P23 | 0.2393 P33 | 0.0174
Q03 | 0.3475 QL3 | 0.1997 Q23 | 0.0158 Q33 | 0.6740
P04 | 0.0966 P14 | 0.5123 P24 | 0.0043 P34 | 1.0000
QC4 | 0.1667 Ql4 | 0.8333 Q24 | 0.0211 Q34 | 0.1875
PO5 | 0.0330 P15 | 0.1C00 P25 | 0.4560 P35 0.5750
Q05 | 0.8352 QL5 | 0.1534 Q?5 | 0.456C Q35

P06 | 0.3591 Pi6 | 0.0834 P26 | 0.1061 P36 | 1.0000
Qo6 | 0.1270 Qlé Q26 | 0.3024 Q36 | 1.0000
P07 | 0.0657 P17 | 0.1836 P27 | 0.1000 P37 | 0.5000
Q07 | 0.1000 Ql7 | 0.0568 || Q27 | 0.4025 Q37 | 0.1000
PO8 | 0.2503 P18 | 0.0834 P28 | 0.4382 P38 | 0.1406
Q08 | 0.2503 QL8 | 0.8737 Q28 | 0.0668 Q38 | 0.1000
P09 | 0.1860 P19 | 0.1266 P29 | 0.9665 P39 | 0.0502
Qo9 | 0.0174 QL9 | 1.0000 Q29 | 0.6579 1} Q39 | 0.2433
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Typical time history traces of the aircraft response
due to pulse inputs of the longitudinal and lateral
cyclic controls B), and A;, are shown in Figures 5
and 6, respectively. The results prrsented in these
figures include the effect of the stability augmenta-
tion system on the coupled modes of aircraft motion.

Figure 5 shows the coupled longitudinal and lateral
aircraft resnonse due to & longitudinal cyclic control
pulse input of B;, = 1° applied over aone-second time
period. Examining the results of Figure 5a, it can
be noted that the aircraft response in pitch and ver-
tical perturbation velocity is represented by a stable
oscillation. Specifically, after following a four-
second oscillation in pitch, the aircraft attains a
steady state pitch altitude of about 3 degrees nose
down. Furthermore, the perturbations in vertical
velocity do not exceed a maximum value of about 2.5
ft/sec. The effect of the loagitudinal cyclic input
on aircraft lateral response in roll, yaw, and lateral
velocity can be seen from the results of Figure 5b.
Tt can be noted that each of these lateral variables
is affected by the application of the longitudinal
cyclic control, irdicating appreciable cross-coupling
between aircraft lorgitudinal and lateral response
modes. For example, it can be sz2en that the aircraft
roll altitude ¢ is of the same order of magnitude as
the pitch altitude 8 . Also, the aircraft response
in roll and in lateral perturbation velocity is
represented by a slow convergence and a damped
oscillation, respectively. The divergence in yaw
altitude is present since no heading stabilization
was applied.

The effect of lateral cyclic control pulse input of
A = 1°, applied over a one-second period, on the
aircraft coupled response is shown in Figure 6.
Figure €a indicates that the helicopter attains a
maximum roll altitude of 12° in about 2.5 seconds
after the control disturbance, and then it gradually
converges toward a steady state roil. The lateral
perturbation velocity is represenied by a damped
oscillation having a maximum amplitude of about

10 ft/sec. The aircraft pitch altitude and vertical
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perturbation velocity, as shown in Figure 6b, are only
slightly affected by the lateral control input. Thus,
comparing Figures 5 and 6, it can be inferred that the
longitudinal control input introduces appreciably
larger cross-coupling betwecn the longitudinal and
lateral response modes of the sample helicopter than
the lateral control input.

10.1-27




REFERENCES

1. Sweet, G. E., Jenkins, J, L., Jr., Wind Tunnel Investiga-
tion of the Drag and Static Stability Characteristics
of Four Helicopter Fuselage Models, NASA Technical Note
TND-1363, National Aeronautics and Space Administration,
Washington, D.C., July 1962.

2. Tanner, W, H., Charts for Estimating Rotary Wing Perform-
ance in Hover and at High Forward Speeds, NASA
Contractor Report CR-1il14, National Aeronautics and
Space Administration, Washington, D.C., November 1964,

3. USAF Stability and Control Handbook (DATCOM), Flight
Control Division, Air Force Flight Dynamics Laboratory,
Wright-Patterson Aiv Force Base, Ohio, October 1960,
Revised July 1963.

10.1-29




10.2 TANDEM ROTOR HELICOPTER

The tandem rotor helicopter considered in this sample
calculation is a heavy utility type aircraft as illus-
trated in Figure 2 of Section 3.3. It consists

of three-bladed, freely flapping, front and rear rotcrs
of identical geometry. The front and rear roto shafts
are inclined forward relative to the fuselage datum
line through angles »f i = -9° and ig = -4°,
respectively. The rotor shaft dihedral (') is
therefore

r = iF -iR= -go-(-4°)=-5°

The aircraft has no horizontal or vertical tail planes.
The fuselage shape resembles that shown in Figure 1.
The fuselage characteristics of the samp.e tandem rotor
helicopter are presented in coefficient form in Figure
2. These data have been nondimensionalized in exactly
the same manner as the fuselage data for the sample
single rotor helicopter presented in Subsection 10.1.1.
It should be noted that the data presented in Figure 2
do not pertain to any existing tandem rotor helicopter
but are presented herein only for the qualitative
indication of trends and illustrative purposes.

The longitudinal control is applied through a "% ffer-
ential collective pitch, i.e., reductioir of collective
pitck on front rotor head, and increase cf collective
pitch on rear rotor head for nose-down contvol. The
longitudinal cvclic controls B¢ and B, on front and
rear rotors, respectively, remain fixed gor a particular
flight condition. These controls are automatically
preset as functions of forward speed.

The aircraft operating conditions assumed in this
sample calculation correspond to a forward speed of

V = 207 ft/sec, rotor tip speed of ({IR)F=(dR)4

= 690 ft/sec,and a pressure altitude corresponding to
sea level standard day conditions.
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The longitudinal cyclic controls on front and rear
rotors are fixed at By, = 5° and B,y = 3° respectively.

10.2.1 Trim Calcuiation for a Tandem Rotor Helicopter

The sample trim calculation for a tandem rotor heli-
copter is periormed utilizing the analytical procedure
ocutlined in Subsection 5.2.2 as follows:

(a) Determine the required design parameters for a
tandem rotor configuration as shown in Table I.

10,2-5

TABLE I
DESIGN PARAMETERS FOR THE SAMPLE TANDEM ROTOR HELICOPTER
Rotor Fuselage
Front Rear
6|0 0 W 28500 1b
o|s.73 5.73 Axpgs | 121.6 ft”
i |-9° 40 Aveys 511.6 ft°
B | 3° 50 Azeys 566.8 ft2
b|3 3 Reus 51 ft
c|0.1 0.1 Fuselage aerodynamic
characteristics are
y|8 8 presented in Figure
¢ 0.667 ft 0.667 ft >
R1{29.5 ft 29.5 ft
4] 20 ft -18.92 ft
2,10 0
1,1 -6.1 ft -10.7 ft
Mg{ 114.96 slug-ft 114.96 slug-ft "

d




P W

(b)

(c)

Establish the following helicopter operating
conditions:

Vo 207 ft/sec

QR

i

690 ft/sec

Altitude = sea level standard dag
(p = 0.002378 slug/ft~)

Then compute

Vo _ 207

Frar 6% 03
. VotQR _ 207 + 690 - .5
T Vg 1118

0.002378 x 3.14 x 29.52 x 6902

T.F. = p 7REQR)?
- 3.09 x 10°

Qo='%'PVbz = % x 0.002378 x 2074 = 50.9 1b/rt?

Obtain Crgyg and Cpgyg from the appropriate
fuselage characteristic charts for a =agys = 0.
For the sample helicopter configuration, assume a
slightly positive fuselage angle of attack to
achieve the required propulsive force. Thus,
assuming a@=agys = 1.6° enter Figure 2 and
obtain

C'—FUS = -0.01, COFUS = 0.35
Then calculate
LFUS:CLFUSqO AZFUS = -0.01 x 50.9 x 566.8 -289 1b

DFUS=CDFUSQO A"Fus = 0.35 x 50.9 x 121.6 = 2170 1b

10.2-¢




(d) From the Z-force equation,compute {C_/0)F
assuming arbitrary values for (C, 7/g)g,thus:

Cy . W-Lryst+Dryserys _,Co
(—) = (—1)
L 2 (T.F.) o T R

_ 28500 + 289 _(C_L')
3.09 x 108 x 0.1 7R

li

C,
0.0932 ~(zF).

The calculated results are shown in Table II below,
TABLL II

LIFT DISTRIBUTIONS ON FRONT AND REAR ROTORS

(L) (&L
O R Calculations T
0.03 0.0932-0.03 0.0632
0.05 0.0932-0.05 0.0432
0.06 0.0932-0.06 0.0332

Using the value of a from step (c¢) and assuming
initially that € :ep= €gyg = 0, compute the
first aprroximations for front and rear rotor
angles of attack, thus:

ac, *a+(i-Bj—€lg = 1.60°-9°-3° = -10,4°

acp,=a +li-B, —elg= 1.60°-4°-5° = -7.4°
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(e)

From the X-force equation, calculate (CDVU)*1-TAL
using the results obtained in steps (c) and (d),
thus:

[ 1 1
(9_0 _(Co) +(CD) __[DFus+LFus€Fus ]_ CL
= . GR( )
a TOTAL g r T R (T.F.)a' o

= - 2170

= =J.00702
3.09 x 106 x 0.1

Then compute

Ao =0 -0.1 = 0.1-0.1 = 0

[(ac)o.l ]r= [ac-%% (%)]F=—!0.4°
Ao C

ey ) - 25 0] e

Using valves of (C /o)., B“C)OJ}F’ {CL/oly » and
[(acL) ]F from steps (d) and (e), enter Figure 44
of Reference 1 and obtain the correspondirng values
of [(Cov"')o.l],,a“d [iCo'1eho, ], -

Then, for Ao = 0 (step (e)), obtain

10.2-8




The drag distribution between the two rotors and
the total drag corresponding to the assumed lift
distributions of step (d) are presented in Table
111 below.

TABLE III

DRAG DISTRIBUTIONS ON FRONT AND REAR ROTORS

[(QC)D.I] - -10.4 [(QC)OI] = -7.4" Co
&) @, (%':)R &) 7 ToraL
0.0632 -0.0055 0.03 -0.0018 -0.0073
0.0432 -0.0042 0.05 -0.0025 -0.0068
0.0332 -0.0035 0.06 -0.0025 -0.0060
(g) Using the values from steps (e) and (f), obtain plots

of (C 70) , (Cp/a )¢

opoint of intersection cf

read off

0.048, (=)
E

10.2-9

) (C /U)R
versus (Cp/c)tpraL as shown in Figure 3.
straight line of (Cp/c)tpraL = {Cp/0 ) TpTAL *

(CD/CT)Q,

and (C D /O-)TOTAL
Also draw a
At the

this stralght line with the
horizcntal line corresponding to (Cp/o 5 oraL = (Co/o) ToTaL

-0.0047
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(——)R = 0.045, (EQ)R== -0.0023

o

Then for Ao = 0, obtain the chart values for the
front and rear rotor drag coefficients, thus:

[(Ccf)o..];(%q),: = -0.,0047
[(%")ol,];(%—“)n = -0.0023

(h) Using the values of (C_/o)f ,H(Coya)o_l]p, iCL/7oR
{

[(CD./G)QJ]R from step (g) and “c)o.l]; , [(ac)o,|]R
from step (e), enter Figure 44a of Reference 1 and
Figure 3 of Section 5.3 and obtain

Ag = ~0.061 a0, = 4.2°

Ag = -0.045 0, = 3.5°

(i) Using Section 7.6 or the pertinent test data,
obtain the following downward interference factors:

KRF = O KFR = 1-5

Krrus® Krrus = 1

Then compute the follnwing interference angles,
using ac, and ac, from step (d) and Af and Ag

from step (h):

€F=0

10.2-11




A
€p = Keg (tan a, — —’-L-).F

_ i 6y,0.0617 . o
1.5 [tan( 10.4°)+ o ] 0.0297 rad - 1.70

A A
€rus® Kerusltan ag - ";‘)F + Kgpyg ton ac - I) A

= Tean(=10 494920617 & [ranfos 209.0.045
[tan( 10.4 )+_..__0.3 ] + Ltan( 7.4 )+W]

= 0.0399 rad = 2,29°

(j) Compute Cwg,q from the pitching moment equation,
using the parameters determined above:

) {(T.Flo _ , (MHUBF + MHuaR)
Creys™ % Arpys /(,FUS[(Asma Bcos ai— T.Fla ]
where
CI C 1 C 1 c 1
A - [P e )]
' Co CL Co
-[4 (-a-‘;)-,ez(-oi)]F S A SR <

= -[20(-0.0047)-6.1(0.0483

-[-18.92(-0.0023)-10.7(0.045)]

-[-18.92(0.045)+10.?(-0.0023)] XC.0297
= 0.851
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B = [.2, (%' -,e’z(ij,°3]r+[,¢(%‘—)—,ez(%i)]n
[ 2, (f,—“') +,€Z(%L')]Fep- [/g%';)uzzf%i)]ﬂ €

[20€0.048) + 6.1 (-0.0047))

r[-18.3°(0.045) .’ 10.7(-0.0023)]

-[-18.92(-0.0023)-10.7(0.045ﬂ x 0.0297

= 0.0683

2
_ ebfl Ms
2 O

Muuse*Muuag OIR-BIF-BIR)

0.667x3x23.42x114.96(4.2°+3.5°-3°-5°)
2 57.3

-3350 ft-ib

3.09x10%x0.1

C Copey 502X X010 51 51n(1.6°)-0.0683c0s(1.6°)

. 330 ]
3.09x10%x0.1

-0.0425
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Also calculate

[+] o o
Q@ s=0-€ps=16-2.29=-0.69

(k) Repeat steps (c) through (j) for two different

values of a The results thus obtained for

a =1% 1.4° and 1.6° are summarized in Table IV
below.

TABLE IV
PRELIMINARY TRIM RESULTS FOR THE SAMPLE
TANDEM ROTOR HELICOPTER

C.' Cp' C.' Cop'

O | %eys (T)F (T)F (= )R (= }R €r | €Fus | Cmpys
1.6[-0.69°[0.048 |~0.0047 |0.045 {-0.0023|1.70°|2,29°|-0.0425
1.4(-1.05°|0.037 [-0.0042 |0.0562|-0.0028|1.39°;2.45°| 0.377
1 -1.77°t0.0322(-0.00387{0.0613|-0.0032|1.06°(2.77°| 0.564

e
Plot the values of {C /o)., (CD'/cr)F , (CL_'/::r)R ) (CD'/O')R
€g,€rys and Cy; o versus @ pyg as shown in
Figure 4,
(1) Superimpose the available fuselage data cf Cypyg

Vs, @Qp,g from Figure 2 on the corresponding plot
from step (k), as shown in Figure 5.
of intersection (P) of the fuselage moment data
with the corresponding results computed In step
(k) yields the first appruximation for the trim
and C, )
FUS

values

Qeys

CMFus

of apyg

= =-0.72°

- 0.008

10.2-14
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(m) Enter Qg, e from step (1) in Figure 4 and read
off the first approximatiors for the tollowing
trim values:

. Co,
(T;qF ; 0.0462,(15-% “- -0.0047,6F = 0
CL' _ Cl)I _ _ o
=), = 0.0468, (=) = -0.0023, € = 1.67
EFUS = 2-300

Then calculate

Q= gpyetepys = ~0.72° + 2.30° = 1,58°

0c, *a+(i-Bre), = 1.58°-9°-3° = -10.42°

a = a+(i-B-€) = 1.58°-4°-5°-1,67° = -9,09°
Cr X

(n) Repeat steps (c¢) through (m) using values of
Qrys . €pus , 6f , and e from steps (1) and (m).
The results thus obtained are presented in Table V.,
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TABLE V

INTERMEDIATE TRIM RESULTS

o Co CL Co ] |

a lapys | (| 5k (-E-R (5 | €r [€Fus | Cmpys
1.8° [-0.73°/0.0583/-0.0051{0.0359|-0.00289|2.30{2.53(-0.263
1.58°|-1.07°(0.041 |-0.0044]/0.0533(~0.0041 |1.67{2.65| 0.263
1.30°|-1.53°|0.0365-0.0042{0.0579 [-0.00443|1.52|2.83] 0.434
1° |[-1.88°[0,0345(-0.0041|0.0601|-0.0046 |1.34[2.88! 0,510

Plot the results from Table V as shown in Figure 6.
Also, superimpose the computed values of Cypyg

Vs. @.,s from Table V on the plot of Figure 5 and
obtain the point of intersection (P). This point
of intersecticn yields the final fuselage trim
values of

Qrys = ~0.85°

C“‘Fus= 0.005

Entering gpyg = -0.85° into Figures 2 and 6 and
utilizing the appropriate rotor performance charts
of Reference 1 and Section 5.3, obtain the final

trim values for the sample tandem rotor helicopter
as shown in Table VI,
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Figure 6. Auxiliary Charts for Obtaining Final
Trim Values for Front and Rear Rotors.
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' TABLE V:
. FINAL TRIM VALUES FOR THE SAMPLE
; TANDEM ROTOR_HELICOPTER
; Rotor —_n
1 Front Rear I Fuselage
ac | -10,29° -9.19° @rys | -0.85°(-0.0148 rad)
1
& | 0.0474 0.0469 €rys | 2-56°(0.0447 rad)
l%%) ~0.00473 ~0.00380 Leys | =577 1b
E &yl 0.0035 0.0031 Drys | 2170 1b
6,5 | 7°(0.122 rad) | 6.5° Yryus | O
o (0.113 rad)
L M 1580 ft-1b
0, | 2.95° 2.87° e
(0.0515 rad) | (0.0501 rad) || Ngyg | 1580 ft-1b
a, | 4.2° 4° Leys | -1010 £t-1b
(0.0733 rad) | (0.0698 rad)
b, 1.2° 1.18°
(0.0209 rad) { (0.0206 rad)
A | -0.061 ~0.056
3 € 0 1.90°
; (0.0332 rad)
r 4
i @ = Qpyste€pys ° -0.85° + 2,56° = 1.71° (0.0298 rad)
x
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(o)

Calculate rotor side force (C,/o)for front and
rear rotor, thus:

Cy ar 3 ; 3 2 3
(&) = ['37#975%*“—975 b+ Tk 8750+ A b,

r
-

i 3 2 | | 2
+gnac,— —a—,u)\ua ,4.000|+Z—,ua,b,+-§,u Ab.]F

+%x0.09x0.l:2x0.0209-%x0.061x0.0209

(W]

5.7

xo.3xb.122x0.0515+%x0.122x0.0209

£Lo

+%x0.0515x0.0733+%x0.3x0.06lx0.0515

—0.09x0.0515x0.0733+%x0.3x0.0733x0.0209

-%x0.09x0.061x0.0209] ,
0.00106
]
(S é;lé[-éxo.3x0.113x0.0501+lx0.113x0.0206
o 'R 2 4 3

+%x0.09x0.113x0.0206-%x0.056x0.0206
+%x0.0501x0.0698+%x0.3x0.056x0.0501

-0.09x0.0501x0.0698+%x0.3x0.0698x0.0206

-%x0.09x0.056x0.0206]
0.000977
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e

(p) Solve rolling and yawing moment equations of
motion and cbtain A, and A thus:

2
e (G [_ Cy Cy, , eb§l" Mg
A,F-{fxﬂ( p )R EZF( = )F +£zn(?)n+ 2o TF) (b +Db)

I’FUS Cl_l Eb-Q;ZMS CQ
t TR ]+['£Za(?’n+ 2o—(T.F.)][R(?)F r +£xs“"

XKR(C;) +_§(_T;%]}/{( ) (& ['(XF IZR—EZF fxﬂ]

ebQ? Mg C c,
Zo-(TF) KF c XR' o s
={18.92x0.0469[6.lx0.00L06-10.7x0.000977

+0.667x3%23.4°x114.96 (0. 0209+0.0206)
7x0.1%3.09x10°

.___lolo ]+[10.7x0.0469
0.1x3.09x10°8

+0.667x3x23.42x114.96][29,5xg,oo35
2%0.1%3.09x10°

-29.5%0.0031+20+0.00106+18.92x0.000977

+___1580 ]}//{ 0.0474x0.0469(~20x10.7
0.1x3.09x10°

-6.1x18.92)-0:667x3x23.4%x1 14, 96[20x0 0474
2x0.1x3.09x10°

+18.92x0.0$69]}

= =0,0571 rad = -2.13°




C. ., b Mg’ Co (Cr.
" C[‘IZ'«(}"‘F 7. F)][R("'Q) R +he )_X"R
NFUS] CLl [ eb.Q. Ms
+—ro |+l o sz( )+RZR )+20'{TF) (by +b1 )

C,
+;ﬁ%)i }/{( L) (—‘=) fx,, L2,- 4 EXR]

eb0? Mg c c._ ]}
_ZoTtE)Lxx( 7 A

:{F[e.1xo.0474+0-667x3x23-42x114-96][29.5xo.oo35
2x0.1x3.09x10°

-29,.5x0,0031+20x0.00106+18.92x0.6G00977

+__l§§9__]+20x0.0474[6.1xo.00106-1o.7x0.000977
3.09x10°

+0.667x3x23.4°x114.96(0.0209 + 0.0206) -
230.1x3.09x10°

- 1010 ]}//{o 0474%0. 0469[ 20%10.7
3.09%10°

_6.1x13.92]-0.667x3x23.42x114.96[20x0,0474
2%0.1x3.09x10°

+18.92x0.0469]}

= 0,0242 rad = 1.39°
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(q) Using the Y-Force equation, solve for the
aircraft roll altitude, thus:

c ] c t c ] 1
‘# o (—&I)R-(_g-t,p—('&L)rAlp-(%L,R Alg -
4 W -
o (T.F}

— 0.000977-0.00106-0.0474(-0.0371)-0.0469(0.6242)
28500 "

0.1x3.09x10°

0.00586 rad = 0.336°

10,2.2 Stability Derivatives for a Tandem Rotor Helicopter

The stability derivatives for a tandem rotor helicopter
are evaluated utilizing the analytical procedure cut-
lined in Section 7.C. These derivatives are computed at
the helicopter trim conditions as obtained in Subsection
10.2.1 above. Since the rotor solidity for the sample
tandem rotor helicopter considered is o = 0.1, no
solidity corrections are required for the rotor
stability derivatives.

The stability derivatives for the sample tandem rotor
helicopter are computed for three degrees of freedom
of aircraft longitudinal motion. These derivatives
are nbtained as follows:

—

£.2.2,1 Frunt Rotor Isolated Derivatives

|

(a) Obtain the required front rotor trim parameters
from Subsection 10.2.1.

p - 0.3 Mr = 0.8 8, - 0°

o 0.1 TF - 3.09x10° QR = 690 ft/sec
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(b)

CL
(1;4F= 0.0474
C ]
Lp : DT:R)T]F(-E£L

C t
DF =[(TF) O’:'F (_O'-Q)F

9_75F =7° = 0.122 rad

Kee =0

Using the trim values
rotor derivative

C 1
&)= -0.00473

= (3.09x105%0.1)(0.0474)
= 14600 1b

(3.09x10"x0.1) (-0.00473)

I

- =1460 1b

XF = '0-061
G.F

from step (a), enter isolated

charts given in Section 7.5 and

read off the following nondimensional isolated

rotor derivatives for the front rotor:
(1) K- Derivatives
c, G’
Gl =2
[-iJEq = ~0.132 {Q-éil] = 0.0272
Op A O ¢
QX = g.137 LTI 0.136
O ¢ O F
(i1) Ac - Derivatives
C. Eé
[2 6. 365 [l QS
aac F aac F
@Ay 5,03 94y _ g9
daCF aac;
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(¢) Using the equations of Subsection 7.3.1 and the
values obtained in steps (a) and (b) above, cal-
culate the following front rotor dimensional
derivatives:

{1) ur - Derivatives

)
e . [mpe] [22]

_ 3.09x10%0.1¢.0,132) ~ -59.1 1b-sec/ft ‘
690
3 1 g CD'
UOF . [ ST.F.EO'J [__L.Tl]
aUF \Q’R F a}.!. F
6
= 3.09x10 x0.1¢0,0272) = 12,2 lb-sec/ft
690
aQ|F - { | ) (aai)
dug QRe Op ¢
- g%5(0.136\ = 0.000197 rad-sec/ft

aMHUBF - ( eb.szMs) ( aO|F

a'_'F 2 F aUF
_ O.667x3x23.42x114.96(o_000197)
2
= 12.4 lb-sec '
(i1) ayp Derivatives
C,
0= p
oLe Bta)a] [ '3F]
da..- F aﬂc F .

= 3.09x10%x0.1x0.368 = 114000 1b/rad
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90 [(T.F.) o| [d(%)]

aap JF aac £

-~ 3,09x10%%0.1%0.020 = 618C 1lb/rad

do,,  Oa,
= (z—i= 0.2C
dag dacF
demF_(ebfﬁws)( day,
da, 2 . Oag

_ 0.667x3x23.42x114.96 (0. 20)
7

12600 ft-1b/rad

I

(iii) q - Derivatives

aow__(aow ] [ 34 ]
da dq f L yQu.883-4)1,
= -34 — = ~0,101 /sec
8x23.4(1.883-0,32¢)
(iv) Cig- Derivatives

OLr = ~Dg = 1460 1b/rad

ach

90¢ _ Le = 14600 1b/rad

aQ|F

10,2.2.2 Rear Rotor Isolated Derivatives

(a) Obtain the following rear rotor trim parameters
from Subsection 10.2.1:

p=0.3 My = 0.8 8, = 0°
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(b)

o =0.1 T.F. = 3.09x10% QR = 690 ft/sec
(—C&'-I)R= 0.0469 (%QI)R= -0.00380
LR=[(T.F.)0']R (%EI-)R = (3.09x109x0.1) (0.0469)
~ 14500 1b
DR=[¢T.F.) o]R(—%"')R = (3.09x106x0.1)(-0.00380)

=-1170 1b

9’75R = 6-50 = 0.113 rad kR "0-056

Keg = 1.5 en = 1.90° = 0.0332 rad

il

Using the trim values from step (a), enter isolated
rotor derivative charts given in Section 7.5 and
read off the following nondimensional, isolated
rotor derivatives for the rear rotor:

(i) t# - Derivatives
o Co
[67")] [a(-a—"
—| = -0.108 = 0.0245
op g dp ]n
QX Lo.120 9%y~ 0.138
Op g Op
(11) ¢ - Derivatives
CL - C
ra(_a'l;)J = 0.368 [6(70_)] - 0.026
I' aClc R dac R
(i’\_) - 0.23 (Qi’i) = 0.196
aClc R duc R
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(¢) VUsing the equations of Subsection 7.3.1 and the
values obtained in steps (a) and (L) above. com-
pute the following rear rotor dimensional

derivatives:
(i) Ug - Derivatives
oD
Ol -48.4 lb-sec/ft B — 11.0 1b-sec/ft
aUR aUR
da OMuys
 —0.00020 rad-sec/ft R~ 12.6 1b-sec
Oug OuR
(ii) ar- Derivatives
Ol 114000 lb/rad dbr _ 8030 1b/rad
aQR aQR
M
fﬂﬂﬂ-= 0.196 fi—ﬂﬂﬁﬂ = 12300 ft-1b/rad
aQR aaR
(iii) 4q - Derivatives
doig -0.101 /sec
dq
(iv) Oig - Derivatives
ILR _ 1170 1b/rad 2998 . 14500 1b/rad
O, day,,

16.2.2.3 Fuselage Isoclated Derivatives

(a) Obtain the following fuselage trim parameter from
Subsection 10,2.1:

v 207 ft/sec Qo = 50.9 1b/ft?

a =1,71° = 0.7 298 rad
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(b)

(c)

QFUS = '0-850 = '0-0148 cad

Keeus = Kreus = 1.0

€pys = 2.56° = 0.0447 rad

MFUS = 1580 ft'lb

Also determine fuselage pitching moment of inertia
Iyy = 158041 slug-ft2
Using the fuselage trim values from step (a) above,

enter fuselage chavts given in Figure 2, Subsection
10.2.1 and determine

ac

—“FUS _ 0,239/rad
darys

ac“ruq -0

darys

ICwg,

—26U8 _ ,614/rad
darus

Using the-equations of Subsection 7.3.1 and the

values obtained in steps (a) and (b) above, com-
pute the following rear rotor dimensional deri-

vatives:

(1) Upys - Derivatives
Olpys _ 2 2
- Leys = =2=(=577) = =5,57 lb-sec/ft
Ougys Vo U3 207 /
dDpys 2 2 _
-a—u;:;-= T};DFUS= W(2170) = 21.0 lb-sec/ft
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2 = -
= Z—Mgys = 5=5(1380) = 15.3 1lb-sec
aUFUs Vo 207

OMeys — 2

(ii) Q@fpys- Derivatives

Fus Drus
*qy Ax ( ) =0
Oapys FUS* Japys
aMFUS £ Qp A 1 (aCMFus)
1 07X FUs
dagys oS 0arys

= 50.9x%121.6x51x0.614=194000 ft-1b/rad

10.2.2.4 Total Stability Derivatives

The total stability derivacives for the sample tandem
rotor helicopter are evaluated utilizing the analytical
procedures outlined in Section 7.1 and the isolated
derivatives computed in Subsections 10.2.2.1 through
10.2.2.3. These derivatives for three degrees of
freedom of aircraft longitudinal motion are obtained

as follows:

(a) Xy

. de

_ 30
F au,,-

X -
v au,,-

(Q "'GF)

= -59.1x0.0298-12.2 = -14.0 lb-sec/ft
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p—ryeT PP

. de
g aQF

(Q-GF)- ﬂ’: +L‘F +DF (G'GF)
aﬂp

Xa

N

114000x0.0298-6180+14600-1460x0.0298

11800 1b/rad

dae . _ Ker (_é.__ék_

H ) =0
du Vo p Op g
] dae, _
(Xu)p = Xy ﬁ-xaF(—EE-) = -14,0 1lb-sec/ft
dLg dDpg
X = (a-eg) -
YR aUR R aUR

= -48.4(0.0298-0,0332)-11,0 = -10.8

OLr 30g

XGR 3 aaR (Q'GR)_ aaR

+Lg +0gla-eg)

= 114000(0.0295-0.0332)-8030+14500

~-1170(0.0298-0.0332) = 6090 1b/rad

dag -_KFR(.}_ ax

- =)

du Vo (3;.1. £

= -1.5(20.06140,137) = 0.000481 rad-sec/ft
207 0.3
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aa
(Xy), = Xyg +%ag (5)

R Ou
= ~10.8 + 6090 x 0.000481 = -7.87 lb-sec/ft

GDrys
durys

-5.57(0.0298-0.0447)-21.0

=-20.9 1b-sec/ft

oL
X M8 (a-eFUS)-

OD¢ys +L
QFrus aarus FUs

+Dpus (a-€pys)
Oapys

6300(0.0298-0.0447)-577

+2170(0.0298-0.0447) = -712 1b/rad

Jarus . Kerus A OX Karus , A _ O\
: (—-=) - (—-—)
du Vo B Om Vo # Oua

— -L "0.061 - 1 -00056+
207 0.3 10-137) 55— 5+0.12)

= 0.000643 rad-sec/ft

Oaeys
Xuleys ™ Xupyst Xagpys (Eﬂ)

= =20.9 -712 x 0.000643 = <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>